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Abstract Elastic anticavitation is the phenomenon of a void in an elastic solid collapsing
on itself. Under the action of mechanical loading alone, very few materials admit anticavita-
tion. We study the possibility of anticavitation as a consequence of an imposed differential
growth. Working in the geometry of a spherical shell, we seek radial growth functions which
cause the shell to deform to a solid sphere. It is shown, surprisingly, that most materials do
not admit full anticavitation, even when infinite growth or resorption is imposed at the inner
surface of the shell. However, void collapse can occur in a limiting sense when radial and
circumferential growth are properly balanced. Growth functions which diverge or vanish at
a point arise naturally in a cumulative growth process.

Keywords elasticity· Differential growth· anticavitation· cavitation

1 Introduction

Elastic cavitation is the phenomenon in which a cavity or void appears in the interior of
an elastic body. This problem has received considerable interest in the literature, starting
with the pioneering experimental work of Gent and Lindley [6] and the seminal analysis of
Ball [3]. Ball considered solid elastic spheres under uniform hydrostatic loads and found
the critical pressure at which a branch of radially symmetric configurations with an inter-
nal cavity bifurcates from the undeformed configuration. Since then, cavitation has received
considerable attention and has been considered for various situations – compressibility ver-
sus incompressibility, anisotropy, and composite layers have all been analyzed in different
combinations for various materials ([15,9,17,18,14,5,10], among others). In these studies,
cavitation occurs as a consequence of external mechanical loading. More recently, several
authors [13,11], have shown that growth or swelling can also induce cavitation and cavita-
tion has been suggested as a mechanism for stem hollowing in plants [8].
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Given far less consideration, and the subject of the present paper, is the “reverse prob-
lem” of anticavitation or void collapse. That is, under what conditions would a pre-existing
cavity close on itself. The collapse of a cavity is a common occurrence in fluids [4]. In
nonlinear elasticity, however, it has scarcely been studied. One analysis was conducted by
Abeyaratne and Hou [1]. Following Ball’s analysis of the critical pressure on a solid sphere
to induce cavity formation, Abeyaratne and Hou explored the critical pressure on spherical
shells needed to collapse the inner void. In doing so, they found a necessary and sufficient
condition on the strain-energy function of the material such that void collapse can occur un-
der sufficient loading. Surprisingly, most commonly used elastic materials do not satisfy the
condition - for these materials, anticavitation through external pressure alone is impossible,
even though cavitation may be possible. It seems to be easier to open a cavity in a sphere
than close a cavity in a shell.

In this paper, we study agrowingelastic body containing a cavity or void in its reference
unstressed configuration and explore the possibility of collapse and disappearance of the
void as a function of the material and form and rate of growth. In particular, we consider
whether growth can alter the material behaviour as to allow for collapse.

A fundamental aspect of the theory of elastic growth is the creation of residual stress
through differential growth (inhomogeneous or anisotropic). As a body grows differentially,
it is subjected to an elastic response ensuring compatibility and integrity of the material.
This elastic response generates the so-called “residual stress”. It has been shown that growth
induced residual stress can have both stabilizing and destabilizing effects [2]. These stresses
are common in many biological structures, and play an important role in the mechanics of
growing elastic bodies [19,20]. Similarly, we show here that for the anticavitation problem,
the development of residual stress serves as a primary force in opposition to the full collapse
of the void.

For simplicity and to allow for analytical progress, we consider here a spherically sym-
metric shell, and ask whether growth may be imposed upon the shell such that it deforms to
a solid sphere. These ideas can be easily generalised to cylindrical shells. We begin with the
formulation of the problem through nonlinear elasticity, adding the component of growth
via the formulation of multiplicative decomposition [16], in which the deformation tensor
is given by the product of a growth tensor and an elastic strain tensor. The specific form
of growth is captured by two functions (of radii) describing the amount of material that is
added or removed in the radial and circumferential directions. We explore whether there
exist functions that admit anticavitation. This is largely dependent on the strain energy func-
tion for the material. For a large class of materials, we show that anticavitation is in fact not
possible for most physically relevant growth functions, but can be achieved in the proper
limits when singular and/or vanishing growth functions are allowed. This analysis is shown
to be relevant in the context of cumulative growth.

2 Setup, regular growth

We consider the symmetric growth and deformation of a spherical shell composed of an
incompressible, hyperelastic material. The general question we explore is whether growth
may be imposed such that the shell deforms to a solid sphere. Suppose that the inner and
outer radii in the reference configuration are given byR= A andR= B, respectively, and that
the deformed shell is described in the current configuration by the functionr(R), which gives
the radius of a sphere with initial radiusR in the reference configuration. Letr(A) = a and
r(B) = b, so that after deformation the shell in the current configuration has boundary radii
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a andb. For this map, the geometric deformation tensor is given byF = diag(r′, r/R, r/R)
[12], where primes denote differentiation with respect toR. The elastic strain tensor isA =
diag(α1,α2,α2), and the growth is described by the growth tensorG = diag(γ1,γ2,γ2). For
axisymmetric deformations, theαi andγi can be chosen to be functions only ofR. Given
the functionsγ1,γ2, and external loading, the mechanical equilibrium determines the value
of the functionr(R) and, in particular, the inner radiusa.

The question of void collapse for a growing elastic material is then: What are the con-
ditions on the growth functionsγi(R) and external loading so that there exists a solution of
mechanical equilibrium witha = 0?

Using the multiplicative decompositionF = A ·G in combination with the elastic im-
compressibility condition det(A) = 1, we obtain the relationsα1 = α−2 (where we have
denotedα := α2), r ′ = γ1/α2, andr/R= αγ2. From these, the deformation may be written
as

r3−a3 = 3
∫ R

A
γ1(R)γ2

2(R)R2 dR. (1)

Hyperelasticity implies that there exists a strain energy functionW = W(A). Letting T de-
note the Cauchy stress tensor, the stress-strain relation isT = A ·WA − p1, wherep is a La-
grange multiplier representing hydrostatic pressure. Denote the non-vanishing components
of the Cauchy stress tensor byt1 = T11, the radial stress, andt2 = T22 = T33, the hoop stress.
In terms of these variables, the stress-strain relationship ist1 = α1W1− p, t2 = α2W2− p,
whereWi = ∂W

∂αi
. Mechanical equilibrium requires div(T) = 0, where div is the divergence

in the current configuration - the only non-vanishing equation is

∂ t1
∂ r

+
2
r
(t1− t2) = 0, (2)

and from this we obtain a closed equation for the radial stress (see [2] for details):

∂ t1
∂ r

=
α
r

Ŵ′(α). (3)

Here we have introduced the auxiliary functionŴ(α) =W(α−2,α ,α). Integrating Equation
(3), and definingP = t1(A)− t1(B) as the applied load on the shell, we have

−P =
∫ b

a

αŴ′

r
dr. (4)

A typical procedure is to prescribe the growth functionsγi(R) and an applied load. Then,
Equation (4) may be thought of as defining a relation to solve for the inner radiusa, since
the outer radiusb is a function ofa via Equation (1). Note that the functionsγi are implicitly
embedded in (4) through Equation (1) as well as through the relationr/R= αγ2. Oncea is
known, the deformation is completely determined.

Void collapse depends on the convergence of the integral found in Equation (4) in
the limit a → 0. If the integral converges, then the value of the integral gives the applied
load necessary for anticavitation. The response of the shell to a given growth law, and thus
whether or not anticavitation can be achieved, depends on the material properties, encom-
passed in the form of the strain energy functionŴ. There are many different strain energy
functions available in the literature. In cavitation problems, Ball showed that it is the behav-
ior of Ŵ(α) asα → ∞ that determines whether the material admits cavitation. In contrast,
Abeyaratne and Hou showed that the behavior ofŴ asα → 0 determines void collapse.
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Here we show that with the addition of growth, the behavior of the auxiliary function both
at zero and infinity plays a role in anticavitation. We classify the possibility of anticavitation
for strain energy functionŝW with power law behavior asα approaches zero and infinity.
Here, we use the notation

f (x) ∼ g(x) asx→ x0 if lim
x→x0

f (x)
g(x)

= c �= 0, c a constant, (5)

and restrict our attention to strain energy functions which satisfy the following hypothesis:

Hypothesis 1 The auxiliary functionŴ(α) associated with the strain energy function W
for an incompressible, hyperelastic material satisfies

Ŵ(α)∼ αm0 asα → 0, Ŵ(α)∼ αm∞ asα → ∞ (6)

for some constants m0 and m∞.

Along with the behavior of the strain energy, we will need to characterize the behavior
of the growth functionsγi . Define aregular growth functionas one that is finite, continuous,
and strictly positive. We will say that a material undergoes aregular growthwhen the growth
functions satisfy these requirements. As a first case, we have the following:

Proposition 1 A material undergoing regular growth admits spherically symmetric anti-
cavitation if and only ifŴ(α) is bounded asα → 0.

Proof: Recall thatα = r
γ2R. Hence, as r goes to zero, so doesα . By assumption,̂W ∼ αm0

asα → 0. Then

αŴ′

r
∼
ααm0−1

r
∼

1
r1−m0

as r→ 0. (7)

Hence,
∫ b

0

αŴ′

r
dr (8)

will converge if and only if m0 > 0, i.e. if and only ifŴ is bounded asα → 0.

The condition thatŴ must be bounded asα → 0 coincides with the condition for void
collapse given by Abeyaratne and Hou in the absence of growth. Hence, imposing a regular
growth function cannot change the property of a material to admit anticavitation. However,
for materials that satisfy this condition, void collapse can occur in the absence of external
loading but through growth-induced residual stress. To illustrate this phenomenon, consider
a material with strain energyW = µ

β [
(

1+β (α2
1 +α2

2 +α2
3 −3)

)n
−1], whereµ > 0,β > 0,

andn are material constants as suggested in [1]. This strain energy function admits anticav-
itation for n < 0. We consider homogeneous, anisotropic growth for an unloaded shell by
settingγ2 = 1, γ1 > 1 a constant, and the external pressureP = 0. Figure 1 plots the inner
radiusa as a function ofγ1 for initial radii A = 1, B = 2, and parametersµ = β = 1. There
is a critical value ofγ1 for which the cavity collapses. Above this value, the inner radius is
still zero, with a finite compressive stress induced at the origin due to the contact.
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Fig. 1 Anticavitation of a shell (with initial radiiA= 1 andB= 2) induced by radial growth. The inner radius
in the current configuration,a, is plotted as a function of the radial growthγ1 for γ2 = 1, µ = β = 1, n = −1.

3 Diverging/vanishing γi

The condition thatŴ be bounded asα goes to zero is very restrictive. For most materials,
with Ŵ unbounded asα → 0, anticavitation requires infinite external pressure. However,
we have assumed that the functionsγi are finite and strictly positive. As is discussed in
Appendix A, divergent growth functions can arise naturally in a cumulative growth process
where growth is localised close to the boundary. Therefore, we consider materials for which
the strain energy is unbounded asα approaches zero, and explore whether anticavitation is
possible with diverging and/or vanishingγi

Following the assumptions and notations of the previous section, we write Equation (3)
in terms ofR, which gives

∂ t1
∂R

=
Ŵ′(α)γ1

α2γ2R
. (9)

Note that since we have assumed thatŴ is unbounded asα → 0 and the strain energyW is
non-negative for all deformations, we have limα→0Ŵ = +∞. Now, we integrate fromR= A
to B and define the function

G(a) :=
∫ B

A

∂ t1
∂R

(R;a) dR. (10)

For a given external pressureP, the positive root ofG(a)+P = 0 gives the inner radius. To
focus on the effect of growth alone, we consider shells with no external pressure. Hence, we
setP = 0 and explore the convergence or divergence of the integralG(0). We allow theγi
to either vanish or blow up at the inner boundary. We definey := R−A and assume that as
y→ 0 (that isR→ A) we have

γ1 ∼ y−p1 , γ2 ∼ y−p2 , (11)

wherep1 andp2 are real numbers. From (1) witha = 0, we find that

r3 ∼ y1−p1−2p2 asR→ A. (12)
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For the mapr(R) to be well defined, we therefore require that 1− p1−2p2 > 0. Next, using
the relationα = r/(γ2R), we haveα ∼ y(1−p1+p2)/3. The behavior ofG(0) will depend on
whetherα is vanishing or diverging asR→ A. Thus, from here we divide the problem into
3 cases, based on the sign of the quantity

J := 1− p1 + p2. (13)

3.0.1 Case 1: J> 0

If J > 0, thenα → 0 asR→ A. Since by assumption̂W ∼ αm0 asα → 0, m0 < 0. In this
case, we have

∂ t1
∂R

∼ yE1 asy→ 0. (14)

whereE1 = J
3(m+0−3)− p1+ p2. The requirement for the boundedness of the radial stress

is E1 > −1. This reduces toJm0 > 0 which cannot hold sinceJ > 0 andm0 < 0.

3.0.2 Case 2: J< 0

ForJ < 0,α →∞ asR→ A, and we consider the behavior ofŴ asα→∞. For isotropic ma-
terial,W has the symmetryW(α1,α2,α2) =W(α2,α1,α1). Thus forŴ(α)=W(α−2,α ,α),
it follows that limα→0Ŵ(α) = limα→∞Ŵ(α) = ∞, and we conclude that̂W is unbounded
at infinity. Therefore, we writêW ∼ αm∞ asα → ∞, with m∞ > 0. As in Case 1,

∂ t1
∂R

∼ yE1 asy→ 0, (15)

and again, convergence requiresE1 > −1, which simplifies toJm∞ > 0 which again does
not hold based on the assumptions ofJ andm∞.

3.0.3 Case 3: J= 0

If J = 0,α andŴ′(α) behave like constants asR→ A and hence play no role in the conver-
gence or divergence of the integral. Here,

∂ t1
∂R

∼ y−p1+p2 asy→ 0, (16)

but the requirement for convergence is equivalent to requiringJ < 0, which does not hold.
From these 3 cases, we conclude that even if we allow the growth functions to diverge or

vanish at the inner boundary, we still cannot send the inner radiusa to zero. To summarize:

Proposition 2 Let γi ∼ (R−A)−pi as R→ A, i = 1,2, be radial growth functions. If̂W is
unbounded asα → 0, the material does not admit anticavitation for any real numbers p1

and p2.
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Fig. 2 Depiction ofp1-p2 plane. The linep1 = 1−2p2 divides the plane into a valid and invalid region. The
plane is further divided based on the sign of the quantityJ.

3.1 Thep1− p2 plane - filling the void

The previous proposition seems to point to the impossibility of anticavitation in locally
unbounded strain energy-functions. However, in this section we show that the void can be
made arbitrarily small with the proper balance of diverging/vanishing growth. To do this,
we consider more closely the relationship between the rates of growth, captured by the
exponentsp1 andp2 in the relation (11). Figure 2 depicts thep1-p2 plane. The requirement
for a well defined mapr(R) is that p1 < 1−2p2, which divides the plane into a valid and
invalid region. We further divide the plane based on the sign of the quantityJ. For any choice
of p1 and p2, G(0) is a diverging integral. The following result establishes the direction of
divergence of this integral (plus or minus infinity) .

Proposition 3 Assume that̂W(α) is unbounded asα → 0. Then, for J�= 0,

J lim
a→0+

G(a) = −∞. (17)

That is, the direction of divergence (plus or minus infinity) of the integral G(a) given in
Equation (10) in the limit a= 0 is determined by the sign of J.

Proof: We use again the symmetry of W for isotropic materials: W(α1,α2,α2) =W(α2,α1,α1),.
Thus forŴ(α) = W(α−2,α ,α), we havelimα→0Ŵ(α) = limα→∞Ŵ(α) =∞. Sinceα → 0
as R→ A when J> 0 andα → ∞ as R→ A when J< 0 and since all other terms in G(0)
are non-negative, the result follows.

Given this change in divergence based on the sign ofJ, the following theorem establishes
that a solution may be found with an arbitrarily small void.

Theorem 1 LetŴ(α) be unbounded asα → 0, and assume that the growth functions are
such thatγi ∼ (R−A)−pi as R→ A. Then for any fixed p2 < 0 andε > 0, there exists p1 for
which the unloaded spherical shell has an inner radius a< ε .

Proof: Let ε > 0 and p2 < 0 be fixed. Since the function G(a) depends on the exponent
p1, we define for each p1 the function H(a, p1) = G(a). Further, there is a distinguished
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Fig. 3 Depiction of the local behavior ofG(a) neara = 0. The dashed (solid) lines representG(a) directly
above (below)J = 0. The change in sign of divergence ensures a root arbitrarily close to zero.

exponent p∗1 = 1+ p2 for which J= 0. Then, following Case 3 above, we have,

lim
a→0+

H(a, p∗1) = s(p2)∞ (18)

where s(p2) is either+1 or −1 depending on the value of p2 and the strain-energy function.
We consider here the case where s(p2) = +1, as the case where s(p2) = −1 follows with
appropriate sign changes. Since H is continuous with respect to a, we can choose0< a1 < ε
such thatφ := H(a1, p∗1) > 0. For fixed a1 > 0, H is a continuous function of p1. Hence there
existsδ > 0 such that

|p∗1− p1| < δ ⇒ |H(a1, p∗1)−H(a1, p1)| < φ . (19)

Let p̂1 = p∗1−δ/2; then H(a1, p̂1) > 0. Further, sincep̂1 < p∗1, we have

lim
a→0+

H(a, p̂1) = −∞. (20)

Again by continuity of H as a function of a, there exists a∗ > 0 such that H(a, p̂1) < 0 ∀a <
a∗. Therefore, we can choose0 < a2 < a1 such that H(a2, p̂1) < 0 and by the Intermediate
Value Theorem there exists a3 ∈ (a2,a1) such that H(a3, p̂1) = 0. Since by construction
a3 < ε , the result follows.

The above argument is illustrated in Figure 3, where the local shape of the curveG(a)
neara = 0 will transition according to one of two possibilities. In Figure 3, the dashed lines
represent the shape of the curve directly above the lineJ = 0 and diverge to infinity, while the
solid lines represent the curve directly belowJ = 0, with the divergence to minus infinity. In
case (A), the void may be made arbitrarily small by approaching the lineJ = 0 from above.
In (B), the same is done by approaching from below.

Which scenario is appropriate, i.e. whether to approach from above or below, depends
on the behavior ofG(0) on the lineJ = 0. WhenJ = 0,α approaches a constant asR→ A,
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and the direction of divergence will depend on the particular strain energy function and can
also change along the lineJ = 0. If, at a particular point on the lineJ = 0, G(0) diverges
to positive infinity, then that point corresponds to case (B), and the root may be sent to zero
by approachingJ = 0 from below. If insteadG(0) diverges to negative infinity, the point
corresponds to case (A) andJ = 0 should be approached from above.

The analysis may be interpreted as follows: the region of the plane whereJ > 0 corre-
sponds to an infinite circumferential growth, whileJ < 0 corresponds to an infinite radial
growth. Anticavitation is achieved by approaching the boundary between these two regions,
i.e. by finding a balance between radial and circumferential growth.

4 Stability

We have shown that a root ofG(a) may be brought arbitrarily close to zero. This means that
there exists a mechanical solution of the problem with an arbitrarily small void. However, we
have not demonstrated that these solutions can be reached and are stable. In the transition
crossing the lineJ = 0, multiple roots may occur, only one of which may be stable. A
stability analysis for symmetric deformations can be performed by considering the minima
of the potential energy.

Theorem 2 Let a> 0 be a solution of G(a) = 0 corresponding to the inner radius of an
equilibrium solution in the set of radially symmetric deformations. Then, the associated
deformation is locally stable if G′(a) > 0, and locally unstable if G′(a) < 0.

Proof: The potential energy for the deformation, as a function of the inner radius a, is found
by integrating the strain energy function over the shell; that is

U(a) =
∫ b

a
Ŵ(α)4πr2 dr =

∫ B

A
Ŵ(α)γ1γ2

24πR2 dR. (21)

Taking a derivative with respect to a, and using the relationshipsα = r/(γ2R) and r3 =
a3 +

∫ R
A γ1γ

2
2R2 dR as well as the connections (9), (10), we obtain

U ′(a) = 4πa2G(a). (22)

Taking a second derivative, and using the fact that G(a) = 0 at a point of equilibrium, we
have U′′(a) = 4πa2G′(a), and the result follows by the concavity of the energy potential.

Whether or not anticavitation is possible depends on whether or not there are multiple
roots, which depends on the form of the curveG(a), which in turn depends on the choice
of strain energy function. As an example, consider a Neo-Hookean material, characterized
by strain energy functionW = µ(α2

1 +α2
2 +α2

3 −3), whereµ > 0, so thatŴ = µ(α−4 +
2α2−3).

In Figure 4, the curveG(a) is plotted for a sequence of points in thep1-p2 plane, where
γ1 = (R−A)−p1 , γ2 = (R−A)−p2 , and parametersA = 1, B = 2, andµ = 1. The 5 curves in
(B) correspond to the 5 points in (A). As the lineJ = 0 is approached from below, the single
root of the curve approaches zero. Since there is only a single root, anticavitation is possible
in the limit of p1 approaching 0.5 from the left (in this examplep2 = −0.5 is fixed). Above
the line (point 5), the divergence at zero flips, and the root disappears.

In Figure 5,p2 = −1 is fixed. In (A), G(a) is plotted on both sides ofJ = 0. For p1 =
−0.06, there is a root, so that crossing the lineJ = 0 to the pointp1 = 0.06 yields a second
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Neo-Hookean material. Anticavitation is achieved asJ = 0 is approached from below.
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stress for the two rootsa1 anda2 from (A).

root, an unstable solution. In (B), the residual radial stress is plotted for each of these two
roots,a1 anda2. For both solutions, the residual stress is tensile, and as expected, the stress
is much higher in the unstable solution with roota2.

It is worth noting that the Neo-Hookean material used in this example does not satisfy
the criterion of Abeyaratne and Hou for anticavitation given in [1], i.e.Ŵ is unbounded as
α → 0. In other words, external pressure on the shell cannot cause void collapse, whereas
growth can cause the void to become arbitrarily small.

5 Conclusion

In this paper, we explored anticavitation in a growing elastic shell as a function of the form
and rate of imposed growth. The question of whether void collapse is possible is formu-
lated in terms of the convergence or divergence of a single integral, given in Equation (4).
Our analysis consists in determining radial growth functions for which convergence of this
integral is achieved. We concluded that the integral will always diverge, even for growth
functions which diverge or vanish at the point where the integral is improper. Nevertheless,
based on the rates at which the growth functions diverge/vanish, the void may still be made
arbitrarily small. This can only be achieved in the proper limits of the rates at which the
growth functions diverge/vanish, illustrating the fine balance of radial and circumferential
growth needed for anticavitation. Note, however, that we have only considered strain energy
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functions with power law behavior. An extension of the present work would be to study
functionsŴ(α) which are either bounded by power laws or diverge faster than any power,
in which case it is likely that exponentially diverging/vanishing growth functions would also
be necessary.

The effect of growth on material properties is clear – anticavitation is possible through
growth for materials for which it is impossible through applied pressure alone. Furthermore,
the analysis presented in the Appendix suggests that diverging or vanishing growth functions
naturally arise in the context of cumulative growth.

The present study of void collapse reveals that filling a void through a purely elastic
mechanism in physical or biological systems requires a delicate balance between growth
laws and material parameters as to achieve arbitrarily small voids. In practice, it would in-
volve either a control mechanism or other mechanisms such as accretion at the inner bound-
ary or asymmetric deformation of the body. Nonetheless, from a mechanical standpoint, the
simplified model presented here illustrates the important role of differential growth in anti-
cavitation processes.

Acknowledgments: This publication is based on work supported by Award No. KUK-C1-
013-04 , made by King Abdullah University of Science and Technology (KAUST), and
based in part upon work supported by the National Science Foundation under grants DMS-
0907773 (AG)

Appendix: Cumulative growth

We have analyzed the growth of a spherical shell with radial growth functions which ei-
ther diverged or vanished at the inner edgeR= A. As a single growth step, this may appear
unphysical. However, this single step should be seen as the result of a cumulative growth
process. In a continuously growing body, the growth can be modeled by a relation of the
form

Ġ = H(G,A,T, . . . , ;X, t); (23)

where the rate of growth is not necessarily constant, and might in general depend on the
growth and strain tensors, tension, position, time, and potentially other factors. This can be
approximated by a discrete growth process, where (23) is replaced byG(t +∆ t) = G(t)+
∆ tH. This relation may be seen to define an incremental growth,Ginc := G(t +∆ t)−G(t).
If, at each incremental step, the elastic response is captured byAinc, then through multi-
plicative decomposition we can define an incremental deformationFinc = Ainc ·Ginc. Thus,
at each step, the material grows according to some incremental growth law, followed by
an elastic response necessary for compatibility. For each incremental step, one can define
a total growth tensor, such that theith incremental step is equivalent to a single step with a
deformation tensor defined from the initial, stress free configuration (see [7] for details).

In the spherical geometry we have considered here, letR be the radius in the initial
configuration andri−1 the radius in the current configuration after the(i −1)th step. Then
the incremental growth tensor for theith step will be of the form

G(i)
inc = diag

(

γ(i)
1 (r i−1), γ

(i)
2 (r i−1), γ

(i)
2 (r i−1)

)

. (24)

The total deformation defines a mapri−1 = r i−1(R), and so theγ are functions of the radius
in the initial configuration,R. Thetotal growth tensor is [7]



12

γ
1

(i+1)

1+δ
1

1
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1
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Fig. 6 Piecewise incremental growth laws in a cumulative growth process.

G(i) = diag
(

Π i
n=1γ

(n)
1 (R), Π i

n=1γ
(n)
2 (R), Π i

n=1γ
(n)
2 (R)

)

. (25)

If the shell is growing in a continuous process such that growth is always focused on the
inner edge, then the incrementalγ will take extreme values at the inner edge, corresponding
to R = A. Therefore, the total growth functions, which are products of the growth func-
tions of all previous steps, will be well approximated by the diverging/vanishingγi we have
considered in this paper.

In this process, the possibility of anticavitation will depend on the specific form of the
incremental growth laws, encompassed by a relation of the form (23). As a simple example,
consider a Neo-Hookean material subject to the piecewise linear growth functions pictured
in Figure 6.

At each incremental step, the region over which growth/resorption is restricted is given
by the parameterε , while theδi dictate the rate or amount of growth/resorption. Figure 7
shows the results of the cumulative growth process for the parametersδ1 = 0.6, δ2 = 0.3,
andε = 0.5. Here, the balance of radial growth and circumferential resorption is such that
the growth collapses the void, as seen in Figure 7(A). The total growth functionγ1(R) at the
9th step is plotted in Figure 7(B), illustrating the blow-up like behavior of the radial growth
function after several steps.

As would be expected from the analysis of Section 3, a small change in the growth rate
parametersδi can cause anticavitation to be no longer possible (plots not included).
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