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Abstract Euler’s celebrated buckling formula gives the critical Id&ébr the buckling of a
slender cylindrical column with radilB and length_ as

N/(x°B%) = (E/4)(B/L)%,

whereE is Young’s modulus. Its derivation relies on the assumptions that linear elasticity
applies to this problem, and that the slenderriBg4.) is an infinitesimal quantity. Here we

ask the following question: What is the first nonlinear correction in the right hand-side of
this equation when terms up t8/L)* are kept? To answer this question, we specialize the
exact solution of non-linear elasticity for the homogeneous compression of a thick cylinder
with lubricated ends to the theory of third-order elasticity. In particular, we highlight the way
second- and third-order constants —including Poisson’s ratio— all appear in the coefficient
of (B/L)*.
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1 Introduction

One of the first, and most important, problems to be tackled by the theory of linear elasticity
is that of the buckling of a column under an axial load. Using Bernoulli’'s beam equations,
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Euler showed that the critical load of compressikineading to the buckling of a slender
cylindrical column of radiu® and lengthL is given by

N. E /B\?
=~ a\L) @)

whereE is the Young modulus. The extension of this formula to the case of a thick column
is a non-trivial, even sophisticated, problem of non-linear three-dimensional elasticity. In
general, progress can be only made by using reductive (rod, shells, etc.) theories. However,
there is a choice of boundary conditions of particular importance and significance in rod the-
ory where one end is built-in and the other one is free to move while the direction of the rod
tangent at the other end remains aligned with the original axis (See for instance Fig 2-4ab,
page 49 in [1]). In such a case, the criterion (1) is also valid (this can be seen by symmetry
consideration and by extending the classical Euler buckled solution for the hinged-hinged
case by a half-length). In three-dimensions, these boundary conditions correspond to the
case where the upper and lower faces of the cylinder remain normal to the initial axis and
one end is built-in. Under such boundary conditions, the initial homogeneous deformation
can be solvedxactly in non-linear elasticity. Remarkably, the linearized equations of an
incremental static deformation superimposed upon the large compression can also be solved
exactly and universally (for every elastic material). In this case, the Euler formula can be
extended to the case of a column with finite dimensions, for arbitrary constitutive law.

The exact incremental solution allows for an explicit derivation of Euler’s formula at the
onset of non-linearity, which combines third-order elastic constants with a terrfBirL)*.
In Goriely et al. [2], we showed that for an incompressible cylinder,

N E/B\? =220 B\*
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where.« is Landau’s third-order elasticity constant. This formula clearly showsgémat
metrical non-linearities (term in(B/L)*) are intrinsically coupled tphysical non-linearities
(term in &) for this problem. (For the connection between Euler’s theory of buckling and
incremental incompressible nonlinear elasticity, see the early works of Wilkes [3], Biot [4],
Fosdick and Shield [5], and the references collected in [2].)

Now, in third-orderincompressible elasticity, there are two elastic constants [6]: the
shear modulug (= E/3) and<. In third-ordercompressible elasticity, there are five elastic
constantsiA and u, the (second-order) Lamé constants (or equivaleBtlsgndv, Young’s
modulus and Poisson’s ratio), arnd, %, and¥%, the (third-order) Landau constants. Euler’s
formula at ordefB/L)?, equation (1), involves only one elastic const&ntlt is thus natural
to ask whether Poisson’s ratie, plays a role in the non-linear correction to Euler formula of
(B/L)4, the next-order term. The final answer is found as formula (30) below, which shows
that the non-linear correction involves all five elastic constants.

2 Finite compression and buckling

In this section, we recall the equations governing the homogeneous compression of a cylin-
der in the theory of exact (finite) elasticity. We also recall the form of some incremental
solutions that is, of some small-amplitude static deformations which may be superimposed
upon the large compression, and which indicate the onset of instability for the cylinder.



2.1 Large deformation

We take a cylinder made of an hyperelastic, compressible, isotropic solid with strain-energy
densityW say, with radiud and lengthL in its undeformed configuration. We denote By (
O, Z) the coordinates of a particle in the cylinder at rest, in a cylindrical system.

Then we consider that the cylinder is subject to the following deformation,

I’:)\,:LR7 6:@, Z= )\-32, (3)

where ¢, 0, 2) are the current coordinates of the particle initiallyRt®, Z), A1 is the radial
stretch ratio ands is the axial stretch ratio. Explicitlyy; = b/B andAz =1 /L, whereb and
| are the radius and length of the deformed cylinder, respectively. The physical components
of F, the corresponding deformation gradient, d@e: Diag(A1,A1,A3), showing that the
deformation is equi-biaxial and homogeneous (and thus, universal).

The (constant) Cauchy stresses required to maintain the large homogeneous compres-
sion are (see, for instance, Ogden [7]),

o = (detF) " AW, i=1,2,3 (nosum) (4)

whereW = dW/d ;. In our caseor = o2 because the deformation is equi-biaxial, and
o1 = 02 = 0 because the outer face of the cylinder is free of traction. Hence

o1=0 =AW =0,  o3=2A; W (5)

Note that we may use the first equality to express one principal stretch in terms of the other
(provided, of course, that inverses can be performed).

2.2 Incremental equations

Now we recall the equations governing the equilibrium of incremental solutions, in the
neighborhood of the finite compression. They read in general as [7]

divs =0, (6)

wheres is the incremental nominal stress tensor. It is related the incremental mechanical
displacement, through the incremental constitutive law,

s=B(Gradu)", @)

whereB is the fourth-order tensor of incremental elastic moduli and the gradient is computed
in the current cylindrical coordinates [8]. The non-zero component3, @f a coordinate
system aligned with the principal axes associated with the deformation (3), are given in
general by [7]

Biijj = AiAjW/(AA2A3),

Bijij = (AW — A4jWi)A%/ (A7 = 2f), P 0, M A
Bijji = (AW — AW))2iAj /(A — A7), i J, M # A,
Bijij = (Biiii — Biijj +AW)/2, i £, A=A,

Bijji = Bijiij = Bijij — AW, i £, A=A, (8)



(no sums), wher®\{j = 9°W/(dAid ;). Note that here, some of these components are not
independent one from another becaise- A, ando; = o2 = 0. In particular, we find that

Bi1212= B2121= B1221, B2323= B1313= B1331= B33,
Bo22o = Bi111, B2233 = Bi133, Bs232 = B3y, B1122=B1111—2B1212.  (9)

2.3 Incremental solutions

We look for incremental static solutions that are periodic along the circumferential and axial
directions, and have yet unknown radial variations. Thus our ansatz for the components of
the mechanical displacement is the same as Wilkes'’s [3]:

U = Uy (r) cosnf coskz, Ug = Up(r) sinnd coskz, Uz = Ugz(r) cosnd sinkz, (10)

wheren=0,1,2,...is thecircumferential number; k is theaxial wavenumber; the subscripts
(r,0,2) refer to components within the cylindrical coordinate®,z); and all upper-case
functions are functions afalone.

Dorfmann and Haughton [8] show that the following displacemekits U@, andu(®)
are solutions to the incremental equations (6),

T
q(Bl313+81133) In(qkr):| ) (11)

UD(r), U(r) = {mqkr),—%ln(qkr),—

and
1 gsk

g
Ue(r) = [ﬂn(%kr)ﬁT'ﬁ(%kr)’O} : (12)

whereq = g1,z andl, is the modified Bessel function of ordar Herequ, gz, andgs are
the square roots of the roag$, g3 of the following quadratic irg’:

B1318B11110" + [(B1133+ B1313)® — B1313Ba131— BsassB11110° + BaasdBa1z1=0, (13)
and of the root of the following linear equationdf
Bi2120” — Ba131=0, (14)

respectively.
From (7) we find that the incremental traction on planes normal to the axial direction
has components of the same form as that of the displacements, namely

Sr =Sy (r) cosné coskz, S = So(r)sinnd coskz, Sz =Sz(r)cosnB sinkz, (15)

say, where again all upper-case functions are functionsaténe. Then we find that the
traction solutions corresponding to the solutions (11)-(12) are given by

rsV(r), rs?(r)=

n? krB1133(B11110° — Ba131)
2B I"(gkr) — | 2B — krB — Ih(gk
[ 12120(Okr) ( 12120 +akrBi111 4(Biatst Biisa n(qkr),

.
In(akr) ) < B11110° — Baia1 ) / }
2Bo1a [ )17 (qkr) ), —krBuaps [ s~ 23131 1) 1 gkr)| L (16
1212( ok n(akr) 133\ TR +1) In(gkr) (16)



and

rs®(r) = {281212(M fq3kI,'1(q3kr)) ,
T

2k2r
% )ln(QSkr)>7—k81313|n(QSkr) . (17
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The general solution to the incremental equations of equilibrium is thus of the form
rS(r) = [rSY(r)[rs@ (r)|rs®(r)] c, (18)

whereS= [Sr,S¢,S-]" andcis a constant three-component vector. Note that we use the
quantity rS for the traction (instead o%), because it is the Hamiltonian conjugate to the
displacement in cylindrical coordinates [9].

Now when the cylinder is compressed (by platens say), its end faces should stay in full
contact with the platens so that the first incremental boundary conditigr=i$ onz= 0,
[, which leads to

k= mu/I, (19)

for some integem (we takem = 1 without loss of generality, see [8,2]).
The other boundary condition is that the cylindrical face is free of incremental traction:
S(b) = 0. This gives

A = det[bSV(b) |bS? (b)|bS® (b)] = 0. (20)

3 Euler buckling
3.1 Asymptotic expansions

We now specialize the analysis to the asymmetric buckling nmoge€l, corresponding to
the Euler buckling, in the limit where the axial compressive striéh close to 1 (the mode
n = 0 corresponds to the barreling mode and is not unstable for long enough cylinders). To
this end, we only need to consider the so-cattedd-order elasticity expansion of the strain
energy density, for example that of Landau and Lifshitz [10],

W= % (trE) + u tr(E?) + %tr(ﬁ) + B (trE) tr(E?) + g (trE)3, (21)

whereE = ET is the Lagrange, or Green, strain tensor definelasFTF—1) /2, A andu
are the Lamé moduli, and/, 2, ¥ are the Landau third-order elastic constants (Note that
there are other, equivalent, expansions based on other invariants, such as the ones proposed
by Murnaghan [11], Toupin and Bernstein [12], Bland [13], or Eringen and Suhubi [14], see
Norris [15] for the connections.)

To measure how closk; is to 1, we introduce, a small parameter proportional to the
slenderness of the deformed cylinder,

e = kb= b/l (22)



Then we expand the radial stretthand the critical buckling stretchs in terms ofe up to
orderM,

M M
M=n(e) =1+ Y apeP+ O™, Ag=23(e) =1+ Y BpeP+ O(eMH), (23)
p=1 p=1

say, where thex’s andp’s are to be determined shortly. Similarly, we expahih powers

of g,
My

A= 2 dpeP + o (eMatt)]
p=1

say, and solve each ordey = O for the coefficientsr, andp,, making use of the condition
o1 = 0. We find that, andf;, vanish identically for all odd values @f, and thaty; andAzs,
up to the fourth-order im, are given by

M=1+ a2£2+a4£4+0(£6), Az = 1+ﬁ282+ﬁ4£4+0(86), (24)

with a2 anday given by

="
2=
o ov(ltv) (I+v)(A-2v) ., 2 2
== - = (Ve +(1—2v+6v°) B+ (1—2v)°C| — va,
(25)
wherein
1
/32 = _Zv
2
po= g I e (129 + 312014 222+ (1- 2] . (26)

96(1+v)  16E

Note that we switched from Lamé constants to Poisson’s ratio and Young’s modulus for
these expressions, using the connectiorsA /(24 +2u) andE = u(3A +2u) /(A + u).

3.2 Onset of nonlinear Euler buckling

The analytical results presented above are formulated in terms etithent geometrical
parameter, defined in (22). In order to relate these results to the classical form of Euler
buckling, we introduce thimitial geometric slenderne&5L. Recalling that = b/l, A3 =
[/L, andb = 1B, wefind that

eA3 = mA1(B/L). (27)

We expanc in powers ofB/L, and solve (27) to obtain
e = n(B/L)+ (- B2)73(B/L)3 + 0 ((B/L)Y)
= 7(B/L) + (1+v)(73/4)(B/L)*+ & ((B/L)*). (28)
Second, we wish to relate the axial compression to the current axiaNo&ad do so,

we integrate the axial stress over the faces of the cylinder,

b
N= —2:1/ rosdr = —ab?o3 = —wA?B%03, (29)
0



becausers is constant, given by (b)

Finally, in order to write the nonlinear buckling formula, we expandnd Az in (29),
using (24), and then exparwin powers of the slendernesB/L), using (28). It gives the
desired expression for the finsdn-linear correction to the Euler formula,

N. E/B\? a2 B\*
W‘Z(E) ‘9—65NL<E> , (30)
where
a2
S = Z%EJr12[(172v3)<d+3(172v)(1+2v2)<@+(1—2\/)3‘5] .
(31)

We now check this equation against its incompressible counterpart (2). Theoretical con-
siderations and experimental measurements [6], [17], [18], [19], show that in the incom-
pressible limitE and.e7 remain finite,y — 1/2, (1—2v)% — —E/3, and(1—2v)3% — 0.

It is then a simple exercise to verify that (30) is indeed consistent with (2) in those limits.

3.3 Examples

Table 1 Lamé constants and Landau third-order elastic moduli for five solid€ (10m—2)

material A w of B €
Polystyrene 1 095 -10 -83 —-106

Steel Hecla 37 111 82 -358 -—282 177
Aluminium 2S 57 2® 228 —-197 102
Pyrex glass 15 2715 420 -118 132
SiO; melted 159 313 —44 93 36

To evaluate the importance of the non-linear correction, we computed the critical axial
stretch ratio of column buckling for two solids. In Table 1, we list the second- and third-order
elastic constants of five compressible solids, as collected by Porubov [16] (in the Table we
converted the “Murnaghan constants” given by Porubov to the Landau constag#s?).

Figure 1 shows the variations & with the squared slenderng®yL)?, for pyrex and silica
(two last lines of Table 1).

4 Conclusions

The present analysis provides an asymptotic formula for the critical value of the load for the
Euler buckling problem. This formula was checked both in the incompressible limit and on
particular cases against the exact value of the buckling obtained from the exact solutions.
Not surprisingly it reinforces the universal and generic nature of the Euler buckling formula
as the correction is small for most systems even when nonlinear elastic effects and nonlinear
geometric effects are taken into account. It would be of great interest to see if these effects
could be observed experimentally.
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Acknowledgements This work was supported by a Vinci Mobility Grant from the Franco-Italian University
(RD); by a CNRS/USA Collaborative Grant from the French Centre National de la Recherche Scientifique
(RD, MD); by a Senior Marie Curie Fellowship from the European Commission (MD); and by a Visiting
Professorship from the Université Pierre et Marie Curie (AG). For AG, This publication is based on work
supported by Award No. KUK-C1-013-04 made by King Abdullah University of Science and Technology
(KAUST), and based in part upon work supported by the National Science Foundation under grants DMS-
0907773.

We are grateful to the anonymous referee for help in improving the original manuscript.

References

1. Timoshenko, S. P., Gere, J. M.: Theory of elastic stability Mc graw-Hill, New York (1961)

2. Goriely, A., Vandiver, R., Destrade, M.: Nonlinear Euler buckling. Proc. Roy. Soc. A, 464, 3003-3019
(2008).

3. Wilkes, E.W.: On the stability of a circular tube under end thrust. Quart. J. Mech. appl. Math., 8, 88-100
(1955).

4. Biot, M.A.: Surface instability of rubber in compression. Appl. Sc. Research A, 12, 168-182 (1963).

5. Fosdick, R.A., Shield, R.T.: Small bending of a circular bar superposed on finite extension or compression.
Arch. Rational Mech. Analysis, 12, 223-248 (1963).

6. Ogden, R.W.: On isotropic tensors and elastic moduli. Proc. Camb. Phil. Soc., 75, 427-436 (1974).

7. Ogden, R.W.: Non-Linear Elastic Deformations. Dover, New York (1984).

8. Dorfmann, A., Haughton, D.M.: Stability and bifurcation of compressed elastic cylindrical tubes. Int. J.
Eng. Sc., 44, 1353-1365 (2006).

9. Shuvalov, A.L.: A sextic formalism for three-dimensional elastodynamics of cylindrically anisotropic
radially inhomogeneous materials. Proc. Roy. Soc. A, 459, 1611-1639 (2003).

10. Landau, L.D., Lifshitz, E.M.: Theory of Elasticity, 3rd ed. Pergamon, New York, 1986.

11. Murnaghan, F.D.: Finite Deformations of an Elastic Solid. Wiley, New York, 1951.

12. Toupin, R.A., Bernstein, B.: Sounthves indeformed perfectly elastic materials. Acoustoelastic effect.
J. Acoust. Soc. Am. 33, 216225 (1961).

13. Bland, D.R.: Nonlinear Dynamic Elasticity. Blaisdell, Waltham (1969).

14. Eringen, A.C., Suhubi, E.S.: Elastodynamics, Vol. 1. Academic Press, New York (1974).

15. Norris, A. N.: Finite amplitudevaves insolids, In: M. F. Hamilton and D. T. Blackstock (eds.) Nonlinear
Acoustics. Academic Press, San Diego, pp. 263277 (1999).

16. Porubov, A.V.: Amplification of Nonlinear Strain Waves in Solids. World Scientific, Singapore (2003).



17. Wochner, M.S., Hamilton, M.F., llinskii, Y.A., Zabolotskaya, E.A.: Cubic nonlinearity in shee
beams with different polarizations. J. Acoust. Soc. Am., 123, 2488-2495 (2008).

18. Catheline, S., Gennisson, J.-L., Fink, M.: Measurement of elastic nonlinearity of soft solid with transient
elastography. J. Acoust. Soc. Am., 114, 3087-3091 (2003).

19. Destrade, M., Ogden, R.W. in preparation.






35,/09

36/09

37/09

38,09

39/09

40/09

41/09

42/09

43/09

44/09

45/09

46,/09

47/09

48/09

RECENT REPORTS

A metabolite-sensitive, thermodynamically-constrained model of
cardiac cross-bridge cycling: Implications for force development
during ischemia

Modelling bacterial behaviour close to a no-slip plane boundary:
the influence of bacterial geometry

Optimal L2-error estimates for the semidiscrete Galerkin approx-
imation to a second order linear parabolic initial and boundary
value problem with nonsmooth initial data

Optimal L2 estimates for semidiscrete Galerkin methods for
parabolic integro-differential equations with nonsmooth data
Spatially structured oscillations in a two-dimensional excitatory

neuronal network with synaptic depression

Stationary bumps in a piecewise smooth neural field model with
synaptic depression

Homogenization for advection-diffusion in a perforated domain

Fast stochastic simulation of biochemical reaction systems by al-
ternative formulations of the Chemical Langevin Equation

Pseudoreplication invalidates the results of many neuroscientific
studies

Cardiac cell modelling: Observations from the heart of the cardiac
physiome project

A Hybrid Radial Basis Function - Pseudospectral Method for
Thermal Convection in a 3-D Spherical Shell

Refining self-propelled particle models for collective behaviour

Stochastic Partial Differential Equations as priors in ensemble

methods for solving inverse problems

DifFUZZY: A fuzzy spectral clustering algorithm for complex data
sets

Tran
Smith
Loiselle
Crampin

Shum
Gaffney
Smith

Goswami
Pani

Goswami
Pani
Yadav

Kilpatrick
Bressloff

Kilpatrick
Bressloff

Haynes
Hoang
Norris
Zygalakis

Melykuti
Burrage
Zygalakis

Lazic

Finka et al.

Wright
Flyer

Yates

Baker
Erban
Maini

Potsepaev
Farmer

Aziz

Cominetti et al.



01/10

02/10

03/10

04/10

05/10

06,/10

07/10

08/10

09/10

10/10

Fluctuations and instability in sedimentation
Determining the equation of state of highly plasticised metals from
boundary velocimetry

Stability of bumps in piecewise smooth neural
elds with nonlinear adaptation

Random intermittent search and the tug—of—war model of motor—
driven transport

Ergodic directional switching in mobile insect groups

Derivation of a dual porosity model for the uptake of nutrients by
root hairs

Frost heave in compressible soils

A volume-preserving sharpening approach for the propagation of
sharp phase boundaries in multiphase lattice Boltzmann simula-
tions

Anticavitation and differential growth in elastic shells

On the mechanical stability of growing arteries

Copies of these, and any other OCCAM reports can be obtained

from:

Oxford Centre for Collaborative Applied Mathematics

Mathematical Institute
24 - 29 St Giles’
Oxford
OX1 3LB
England
www.maths.ox.ac.uk/occam

Guazzelli
Hinch

Hinch

Kilpatrick
Bressloff

Newby
Bressloff

Escudero et al.

Zygalakis
Roose

Majumdar
Peppin
Style
Sander

Reis
Dellar

Moulton
Goriely

Goriely
Vandiver



