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Abstract

The bidomain equations are frequently used to model the propagation of cardiac action potentials

across cardiac tissue. At the whole organ level the size of the computational mesh required makes their

solution a significant computational challenge. As the accuracy of the numerical solution cannot be

compromised, efficiency of the solution technique is important to ensure that the results of the simulation

can be obtained in a reasonable time whilst still encapsulating the complexities of the system.

In an attempt to increase efficiency of the solver, the bidomain equations are often decoupled into

one parabolic equation that is computationally very cheap to solve and an elliptic equation that is much

more expensive to solve. In this study the performance of this uncoupled solution method is compared

with an alternative strategy in which the bidomain equations are solved as a coupled system. This seems

counter-intuitive as the alternative method requires the solution of a much larger linear system at each

time step. However, in tests on two 3-D rabbit ventricle benchmarks it is shown that the coupled method

is up to 80% faster than the conventional uncoupled method — and that parallel performance is better

for the larger coupled problem.
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I. I NTRODUCTION

The bidomain equations [1]–[3] have been widely used for many years to model the propa-

gation of electrical waves across cardiac tissue. A system of two partial differential equations

(PDEs), they model the tissue as a homogenized two-phase material (intra- and extra-cellular

space), with the potential difference between the two phases at a given point driving a capacitive

current across the cell membrane that separates these spaces. An ionic current also flows across

the cell membrane. This ionic current is calculated using anelectrophysiological cell model that

is usually described by a system of ordinary differential equations (ODEs).

The numerical solution of the bidomain equations is usuallycalculated using standard finite

element (FE), finite volume (FV) or finite difference (FD) methods and there are many different

numerical schemes that can be used to do this [4]–[11]. However, as the discretization of a whole

heart with an average nodal spacing of 250µm generates a mesh with many millions of nodes,

the linear systems resulting from FE, FV or FD methods are very large. Whole heart simulation

using the bidomain model is therefore a non-trivial scientific computing problem. It is desirable

to choose a numerical method that gives the required accuracy as efficiently as possible.

The need for relatively fine meshes, however, is driven by detailed anatomical and phys-

iological considerations and this inevitably leads to a high computational cost. For example,

the simulation of a single second of cardiac activity on a rabbit ventricular mesh consisting of

862,515 nodes using the CARP simulator [7] and a modified Beeler-Reuter cardiac cell model

[12], [13] requires approximately 40 hours of CPU time on 64 nodes of the HPCx supercomputer

[14]. The equivalent simulation on a whole human heart, using the same mesh spacing, would

necessitate a grid containing 30 million nodes and the simulation would take around 1400 hours

— about seven weeks — assuming (somewhat optimistically) that the increase in run-time

would scale linearly with the problem size. This predicted time frame makes the use of whole

heart simulations to investigate arrhythmias or the effectof new drugs infeasible using current

algorithms and technology.

In this study we show that the bidomain equations can be solvedmore efficiently as a coupled

system than by decoupling the extra-cellular and transmembrane potentials. The coupled method
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requires the solution of a much larger linear system than theuncoupled method, but the iterative

solvers converge in many fewer iterations resulting in an overall speedup of between 50% and

80% for the same level of accuracy. The parallel scaling of the coupled and uncoupled methods

are also considered as future whole heart simulations are very likely to require the use of

massively parallel computing facilities in addition to improved algorithms. We also show that

using the coupled method allows for the boundary conditionson the system to be applied more

rigorously than is the case for the uncoupled system (since one boundary condition depends on

both the transmembrane and extra-cellular potentials and cannot be decoupled).

II. M ETHODS AND MODELS

A. The Bidomain Model

The bidomain equations are given in [3] as:

χ

(

Cm
∂Vm

∂t
+ Iion(u, Vm)

)

−∇ · (σi∇(Vm + φe)) = 0, (1)

∇ · ((σi + σe)∇φe + σi∇Vm) = 0, (2)

du

dt
= f(u, Vm), (3)

where Vm(x, t) is the transmembrane potential,φe(x, t) is the extra-cellular potential,u is a

vector of dependent variables,Iion is the total ionic current across the cell membrane,χ is the

cell surface to volume ratio,Cm is the membrane capacitance,σi and σe are the intra-cellular

and extra-cellular conductivity tensors respectively,f is a vector-valued function,x is position

and t is time. The functionf , the components ofu, andIion are determined by an ODE model

of a cardiac cell.

In order for the bidomain equations to be well-posed it is also necessary to impose approximate

initial and boundary conditions. For the simulations described in this paper the simulated heart

is surrounded by a conducting bath of fluid with electrodes used to stimulate parts of the surface

of the bath. The bath is modelled as an extension of the extra-cellular space, soφe and the

extra-cellular currentie = −σe∇φe should be continuous across the interface between heart and

bath. The FE method implemented below will enforce these conditions automatically. Since there

is no intra-cellular space in the bathVm is not defined in this region and there is no flow of
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intra-cellular current across the interface, i.e.

n · (σi∇(Vm + φe)) = 0 on the surface of the heart, (4)

wheren is the unit outward-pointing normal (i.e. from the heart into the bath) to the surface.

Finally, it is necessary to specify a boundary condition onφe on the outer surface of the bath.

Away from the electrodes it is assumed that no current crosses the boundary of the bath:

n · (σe∇φe) = 0 away from the electrodes. (5)

One of the electrodes is grounded, so the correct boundary condition on this electrode is

φe = 0 on the ground electrode. (6)

Current is injected through the second electrode, so that:

∇ · (σe∇φe) = −Ie(t) on the stimulation electrode, (7)

whereIe(t) is the external stimulus current applied (which, in general, is zero except for short

periods of stimulation).

B. Solution Methods

Two families of numerical algorithms for solving the bidomain equations using FE methods

are considered in this work. One is very typical of the way thebidomain equations are solved in

most simulation software: by decoupling the PDEs, Eqns. (1)and (2), forφe andVm and solving

separately. The motivation behind this strategy is to increase efficiency by reducing the size of

the linear systems to be solved. Note also that, historically, reducing the size of the linear system

size could be equally important, or more important, than increasing efficiency: when Cray T3D’s

only had 16 or 32 MB of memory per node the methods had to be adjusted to accommodate the

hardware, even at the expense of performance. The second method leaves the two PDEs coupled.

This means that the system is larger than for the decoupled method. This idea of solving larger

systems to speed up the simulation seems counter-intuitive.Nevertheless, we shall demonstrate

that it is, in fact, more efficient than the decoupled scheme.
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1) Operator Splitting and Explicit Time Stepping: In the first solution method the bidomain

equations (Eqns. (1), (2)) are re-written as follows [3], [15]:

∂Vm

∂t
=

∇ · (σi∇(Vm + φe))

χCm
−

Iion(u, Vm)

Cm
, (8)

∇ · ((σi + σe)∇φe) = −σi∇Vm, (9)

du

dt
= f(u, Vm). (10)

In this formulation, the first of these equations can be considered as a parabolic PDE forVm

(assuming a knownφe), the second considered as an elliptic PDE forφe (assuming a knownVm

and the third remains a system of ODEs.

On discretizing in time using the forward Euler method the following system is obtained at

each mesh node:

V k+1
m − V k

m

∆t
=

∇ · (σi∇(V k
m + φk

e))

χCm
−

Iion(u
k, V k

m)

Cm
, (11)

∇ · ((σi + σe)∇φk+1

e ) = −σi∇V k+1

m , (12)

u
k+1 − u

k

∆t
= f(uk, V k+1

m ), (13)

where∆t is the time step andV k
m , φk

e and u
k are the discretizations in time ofVm, φe and u

respectively at timek∆t. Note that on using this formulation it is possible to solve first for V k+1
m

with no knowledge of the numerical approximation forφe at the new time step (k + 1) and then

solve for φk+1
e using the solution that has already been computed forV k+1

m , i.e. the equations

are now decoupled at each time step.

The uncoupled equations are solved at each time step via the following lumped mass method

[7], [14]:

V
k+1 = (I + ∆tAi)V

k + ∆tAiΦ
k

−
∆t

Cm
Iion(u

k,Vk),
(14)

(Ai + Ae)Φ
k+1 = −AiV

k+1 −
1

χCm
I
k+1

e , (15)

u
k+1 = u

k + ∆tf(uk,Vk+1), (16)

whereV
k, Φ

k, u
k, and I

k
e are the spatial discretizations ofVm, φe, u, and Ie respectively at

time k∆t, Iion is the vector-valued equivalent of the scalar functionIion, Aξ, ξ = i, e, are the
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discretized versions of the∇ · (σξ∇)/(χCm) operators andI is the identity matrix. The entries

of I
k
e are always zero for nodes that are not located on the stimulating electrode and this vector

is used solely to impose the current injection boundary condition given by Eqn. (7).

This method is conditionally stable, with the maximum time step for which it is stable

depending on the size of thesmallest element in the FE mesh [11].

Note that since the equations forVm andφe have been decoupled it is not possible to impose

the boundary condition given in Eqn. (4) exactly when solving Eqn. (11) — this boundary

condition couples bothV k+1
m andφk+1

e . The best that can be done is to set

n · (σi∇V
k+1

m ) = −n · (σi∇Φ
k
e), (17)

on the surface of the heart, where here∇ represents the discretized gradient operator, and observe

that since stability requirements mean that∆t must be chosen to be very small for an explicit

scheme this is unlikely to undermine the numerical accuracycritically [11].

Solving the bidomain equations via Eqns. (14) – (16) is the default technique used in the

CARP simulator . This simulator was used to generate the results of the uncoupled explicit

system presented in this work.

2) Operator Splitting and the Crank-Nicolson Method: An alternative to solving the decoupled

method using the forward Euler method is to use the second-order accurate Crank-Nicolson

method for time-stepping forVm in the PDEs (Eqns. (15) and (16) are still used forφe and to

solve the system of ODEs given by Eqn. (3) respectively). On discretizing Eqns. (8) and (10) in

time using this method the system is the same as the explicit time stepping but with Eqn. (11)

replaced with

V k+1
m − V k

m

∆t
=

∇ · (σi∇(1

2
(V k+1

m + V k
m) + φk

e))

χCm

−
Iion(u

k, V k
m)

Cm
.

(18)

Using this time discretization gives rise to the following equation to updateV:

(I − 1

2
∆tAi)V

k+1 = (I + 1

2
∆tAi)V

k + ∆tAeΦ
k

−
∆t

Cm
Iion(u

k,Vk),
(19)

where again a lumped mass matrix is used.
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The slight extra complexity of implementing this scheme is justified for the stability properties

that it offers [11]. As with the explicit scheme, the solution of the bidomain equations using

Eqns. (12), (13), (19) is implemented as a user-specified option in the CARP simulator. This

implementation was used to generate the results of the Crank-Nicolson scheme presented below.

As for the explicit method, the decoupled nature of the Crank-Nicolson scheme means that the

boundary condition defined by Eqn. (4) on the surface of the heart cannot be imposed exactly,

since again this would require recoupling the solution forV
k+1 andΦ

k+1. It is shown in [11]

that the natural boundary conditions for the FE solution of Eqns. (12), (13), (19) is a good

numerical approximation of the exact boundary conditions,so this will not affect the accuracy

of the solution. What is less clear, however, is whether by solving alternately forVk+1 andΦ
k+1

results in a slower convergence to the solution than would bepossible if the boundary condition

could be applied to bothVk+1 andΦ
k+1 simultaneously.

3) Coupled Solve with Semi-Implicit Time Stepping: An alternative to the method described

above is to solve the two bidomain Eqns. (1), (2) as a coupled system [16], [17]. The system

of ODEs is still decoupled from the PDEs. Then, discretizingin time using the forward Euler

method for the ODEs and the implicit backward Euler method for the PDEs (except for theIion

term, which is treated explicitly to preserve linearity of the discretized system) gives:

χ

(

Cm
V k+1

m − V k
m

∆t
+ Iion(u

k, V k
m)

)

−∇ · (σi∇(V k+1

m + φk+1

e )) = 0,

(20)

∇ · ((σi + σe)∇φk+1

e + σi∇V k+1

m ) = 0, (21)

u
k+1 − u

k

∆t
= f(uk, V k+1

m ), (22)

where the variables are identical to those used in the time-discretized version of the uncoupled

system.

Then using a lumped mass scheme (equivalent to those for the operator splitting methods)

results in the following method:




Ai −
1

∆t
I Ai

Ai Ai + Ae









V
k+1

Φ
k+1



 = b
k, (23)

u
k+1 = u

k + ∆tf(uk,Vk+1), (24)
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where

b
k =







−
1

∆t
V

k +
1

Cm
Iion(u

k,Vk)

−
1

χCm
I
k+1
e






, (25)

and all other variables are identical to those used with operator splitting. Since the equations for

Vm andφe remain coupled in this scheme it is possible to impose the boundary condition given

by Eqn. (4) for the surface of the heart. In fact, it turns out that this is a ‘natural’ boundary

condition for the FE scheme, so no additional terms need to beadded to Eqn. (24) in order to

implement it.

The stability properties of the backward time derivative allow long time steps of the order

of 0.1 ms to be used for a mesh with nodal spacing of 0.1 mm that would otherwise require

much smaller time steps for stability [10]. This stability condition is certain to be less restrictive

than that for the explicit uncoupled method. So, it is more likely that physiological requirements

(rather than the need for stability) can be used to determinethe size of the time step. This will

be especially useful if adaptive techniques are to be used infuture. For example, [18] describes

simulations that use an adaptive FE method with a maximum timestep of 1 ms and no significant

loss of accuracy. This is far larger than the timesteps that can be used for the explicit method.

The method issemi-implicit since the ionic current terms are treated explicitly but the con-

duction terms are treated implicitly. The ODE system resulting from the cardiac cell model is

solved explicitly at each time step. As many cell models giverise to stiff systems of ODEs

it would be better to use an implicit method. However, state-of-the-art cell models consist of

large, coupled systems of nonlinear equations that are generally expensive to solve implicitly

(although, see [10] for a more efficient implicit scheme for acardiac cell model that could be

used to make the coupled solve fully implicit).

In order to facilitate a direct comparison between the two methods, a solver for Eqns. (23) –

(25) was implemented in CARP, using the same assemblers, solvers and mesh handlers as for

the explicit, operator splitting method. This ensures thatthe differences in timings for the two

methods are independent of their implementation and as accurate a reflection of their numerical

efficiency as possible.
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C. Benchmarks

Two benchmarks were run for each of the solution methods. These benchmarks are identical

to those used in [14] to compare the performance of various preconditioners within the CARP

software package. In each benchmark the bidomain equationswere solved over a period of 200

ms on a full rabbit ventricle mesh consisting of 862,515 extra-cellular and 547,680 intra-cellular

nodes and based on published geometrical data [19] with smooth epicardial and endocardial

surfaces and realistic fibre orientation. The data was discretized using an unstructured grid with

an average spatial resolution of 250µm and linear tetrahedral elements. All simulations were

performed withCm = 1 µF/cm2, χ = 1400 cm−1. Intra-cellular and extra-cellular conductivity

were defined to beσil = 1.74 mS/cm andσel = 6.25 mS/cm respectively in the direction

of the fibres,σit = 0.19 mS/cm andσet = 2.36 mS/cm respectively transverse to the fibres

[20] and σb = 1.0 mS/cm (isotropic) in the surrounding fluid. A time step of 8µs was used

and the Puglisi rabbit ventricular cell model [21] with an additional electroporation current

[22] and a hypothetical outward current that activates strongly at positive potentials (outside

the physiological range) [23] used to modelIion. These two currents help to reproduce some

experimental observations that cannot be accounted for by the standard Puglisi model.

The rabbit ventricle is embedded in a cubic bath, with two electrodes (one stimulating, one

grounding) located on opposite faces of the cube. The stimulating electrode is used to deliver a

train of ten pulses of current at 200 ms intervals, each lasting for 5 ms and withIe = 5 × 105

µA/cm2. After delivery of the final pulse the simulation continues and re-entry is observed.

Two representative subsequences of this simulation are chosen to analyze the properties of the

two solution methods both before and after the onset of re-entry. The first is a 200 ms interval

beginning with the delivery of the first pulse and the second a200 ms interval containing a

figure-of-eight re-entry sequence following the end of the final pulse (i.e. 2000 ms after the start

of the first pulse).

D. Linear Solve

The PETSc library [24] was used both to precondition and to solve the linear systems of the

general form

Ax = b (26)
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that result from each of the two solution methods. The iterative conjugate gradient (CG) solver

[25] was used for both the decoupled Eqn. (15) and the coupledEqn. (23). In order to speed

up the iterative CG solver a preconditioner was applied to each of the two systems. It has

been shown in [14] that the BoomerAMG (BAMG) preconditioner [26] works very well in

combination with the CG method for the decoupled system and sothat was used for both the

coupled system and the determination ofΦ
k+1 in the decoupled systems in this work. For the

Crank-Nicolson method it is also necessary to solve a linear system in the solve forVk+1 at

each time step. An incomplete Cholesky preconditioner is used in this linear solve (which is

much less computationally expensive than the solve forΦ
k+1).

By default PETSc distributes the problem amongst thep available processors by the firstN/p

rows on processor 0 (whereA is an N -by-N matrix), then the nextN/p rows on processor 1

and so on. This means that for the coupled system as defined by Eqns. (23) – (25) the values of

Vm andφe at each node of the FE mesh would be stored on different processors (whenp > 2),

necessitating a significant amount of communication time between the two processors storing

each of these values. So, it would be better to store the two values on the same processor. At the

same time, it is desirable to retain the block structure of the system matrix as much as possible

(as the CG method is most efficient on sparse, diagonally dominant matrices) and to distribute

the values ofφe at bath nodes evenly amongst the processors (to aid load balancing). In order to

do this, rows of the matrixA and vectorsx andb in Eqn. (23) are perturbed and then partitioned

into p equal sections:

V
k =

(

V
k
1 , . . . ,V

k
p

)

, (27)

Φ
k =

(

Φ
k
1, . . . ,Φ

k
p

)

, (28)

where for anyi, the vector segmentsVk
i andΦ

k
i contain the values ofVm andφe respectively

for some subset of the internal heart nodes, plusΦ
k
i also contains further values ofφe at several

of the bath nodes. The partitioned sections are then arrangedin the overall solution matrixxk

so that:

x
k =

(

V
k
1 ,Φ

k
1, . . . ,V

k
p ,Φ

k
p

)

, (29)

with the rows ofA andb being re-ordered in the same way. By leaving large sections ofV
k

andΦ
k intact, the structure of the system matrix is preserved as much as possible, minimizing

any possible loss of performance in the CG method.
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All simulations were run on a cluster at Fujitsu Laboratories of Europe consisting of 44

compute nodes, each consisting of two dual core Xeon 5160 processors (3.0 GHz) with an

InfiniBand interconnect.

E. Performance Measures

Direct comparison of the performance of the two methods is difficult as each of them solves

a different linear system. Ideally the computed solutions would be compared with an exact

solution to the governing equations. However, for a model and geometry as complex as the

whole ventricle used here it is impossible to determine sucha solution. Instead, the solutions

are compared with a good estimate of the exact solution, obtained by solving the benchmark

cases using the coupled method, a very small time step and very small absolute and relative

tolerances for the PETSc solver (both set to10−50) [6]. The root-mean-square (RMS) errors of

the approximations toVm andφe for each of the solution methods relative to the good estimate

are calculated at selected time steps and used as a measure ofaccuracy. The total computation

time required to reach an equivalent level of accuracy for each method is used as a measure of

efficiency.

In addition to the total computation time and the RMS of the residual, the amount of time spent

computing the solution to the PDEs, the number of iterationsneeded for the iterative solver to

converge and the time per iteration are also recorded. Computing the time spent solving the PDEs

allows the relative performance of the different parts of the two methods to be compared, while

calculating the iteration statistics allows analysis of the causes of any difference in efficiency

between the two methods, i.e. determining whether the improved performance is due to the

quicker method needing fewer iterations to converge or because each iteration can be completed

in a much reduced time.

III. R ESULTS

The results of running the first benchmark for the semi-implicit coupled and for both of the

uncoupled methods using a BAMG-preconditioned CG solver aresummarized in Table I and

Fig. 1. Table II shows the comparison between the three methods for the second benchmark.

It can be seen that the coupled method outperforms both of theuncoupled methods on both

benchmarks.
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A. Pacing

The pacing benchmark was run forp = 1, 2, 4, 8, 16, 32, wherep is the number of nodes of

the cluster that were used. For each simulation, the PETSc iterative CG solver was deemed to

have converged when the relative tolerance (i.e. difference between two successive iterations of

the solution) is less than10−5. Calculation of the RMS errors (see the fifth and sixth columns

of Table I) shows that the coupled semi-implicit method is slightly more accurate than the

uncoupled CN method for both||Vm|| and ||φe|| (and for allp). In turn, both are approximately

twice as accurate as the uncoupled explicit method.

Fig. 1 shows the times required to run the entire benchmark using each numerical method. It

can be seen that the coupled method runs between 1.31 and 1.61times as fast as the explicit

uncoupled method and between 1.47 and 1.76 times as fast as the Crank-Nicolson method,

despite needing to solve a larger linear system at each time step. These values are increased

to between 1.40 and 1.67 for the explicit method and between 1.50 and 1.80 for the Crank-

Nicolson method if only the time taken solving the PDEs is considered. This is a more accurate

indication of the speedup in the section of the code that differs between the various methods and

also provides an indication of how the whole code will perform over longer simulations (since

it excludes the time taken to assemble the solution matrices,which only has to be done once

and, hence, is constant no matter how long the simulation is then run for).

Note, however, that the time per iteration (given in the fourth column of Table I) is approxi-

mately twice as large (for allp) for the coupled method as it is for either of the two uncoupled

methods. This is in line with what would be expected as the linear system that is solved for in

the coupled method is roughly twice as large as that for the uncoupled systems (since it includes

the values of bothVm and φe at each node while the linear solves in the uncoupled methods

are for the values ofφe only). The reason for the coupled method being faster overall is that it

requires far fewer iterations per time step to converge to the solution of the bidomain equations

(see the third column of Table I for the total number of iterations). Note also, however, that the

iteration count for the CN method includes the iterations from both linear solves (for each of

the extracellular and transmembrane potentials).

The parallel performance of each of the three solution methods is shown in Fig. 2. The scaling

for all three methods is broadly similar. This is to be expected as they are each implemented
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using similar code in the CARP simulator and use identical parallel libraries for the linear solve.

The coupled method scales very slightly better than the two uncoupled methods. Again this is

in line with what we would expect to see as of the three tasks that have to be performed at each

time step, two (calculating the RHS vectorb and solving the ODEs) are trivially parallelizable,

while the third (solving the linear system) is faster for thecoupled model. So, when using the

coupled method a higher proportion of time is spent doing thetrivially parallelizable tasks.

Finally, note that the timings for running the benchmark using the uncoupled explicit method

are considerably faster than for the similar benchmarks reported previously on the HPCx su-

percomputer [14], even though the processors in both machines have almost identical clock

speeds (both approximately 3.0 GHz). There are at least three reasons for this. Firstly, only

one processor per node was used for the simulations at FLE described in this work, compared

to two processors per node on HPCx, with shared memory used formessage passing within a

node. Conflicts between the two processors in a single node will act to slow the simulation.

Secondly, the tolerances used for this work are different from those used previously (in order to

enable direct comparison with the coupled method) and this may lead to convergence in slightly

fewer iterations. Finally, more recent versions of the numerical libraries were used in this work

(in particular, PETSc 2.3.2 rather than 2.2.1). These observations are supported by comparing

the timings in this work with those reported on a Linux cluster using only one processor per

node in [14]. There, a time per iteration of 315 ms was reported for the re-entry benchmark on

16 processors with clock speeds of 2.0 GHz. This is 35%faster than the equivalent timing on

HPCx (493 ms), even though the clock speed of each processor isonly two-thirds as fast. The

equivalent time per iteration in this work was 102 ms, which,while still twice as fast as would

be accounted for by the difference in clock speeds, is still close enough to be accounted for by

the improved numerical libraries.

B. Re-Entry

The re-entry benchmark was run on the cluster withp = 32 only, in order to verify that the

numerical speedup seen in the pacing benchmark was still present in a simulation of a more

complex wavefront (i.e. to check that the speedup was not dependent on the solution evolving

very slowly). The results of these simulations are shown in Table II. It can be seen that the

coupled method is 1.30 times as fast as the explicit method and 1.39 times as fast as the Crank-
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Nicolson method. These results are consistent with those seen in the pacing benchmark. In terms

of accuracy, the errors for the Crank-Nicolson method are again about half the size of those for

the explicit method. However, unlike the pacing benchmark,the errors seen when using the

coupled method are substantially smaller than those for either of the decoupled methods. It is

not entirely clear why this is, but the size of the errors for the two decoupled methods are larger

for the re-entry benchmark than for the pacing, so it may be that one more CG iteration for the

two coupled methods would be desirable.

IV. D ISCUSSION

The relative efficiency of three numerical methods for solving the bidomain equations have

been compared in this paper. The first method was to decouple the bidomain equations and then

solve one of the resulting equations using an FE scheme with an explicit forward Euler method

and treat the other (which contains no time derivatives) as asteady state problem, which is also

solved using FE methods and a BAMG preconditioned CG linear solver. The second method

was to solve the same decoupled system, but using a Crank-Nicolson time step instead of the

explicit Euler method in the FE scheme. The third solves the fully coupled bidomain equations

using a semi-implicit FE scheme and the same preconditionerand linear solver as used for the

decoupled methods. The method of decoupling and using an explicit scheme is very commonly

used. This has been justified by the intuitive claim that two can be solved faster than one big

linear system.

In this work, however, we have demonstrated that the decoupled solution method is, in fact, not

as efficient as a coupled scheme for the same level of accuracy. The coupled scheme implemented

in this work is both faster and more accurate than the explicit decoupled scheme on any number

of processors that the algorithms have been tested on. In comparison to the Crank-Nicolson

decoupled scheme, the coupled scheme shows significantly improved efficiency and a small

improvement in accuracy, again for allp.

The speedup seen using the coupled method is due to the iterative solver (BAMG precon-

ditioned CG) converging in fewer iterations than for the uncoupled methods, outweighing the

increased time per iteration resulting from solving a larger linear system. Fig. 3 shows the

convergence histories of the coupled solve and the ellipticsolve in the coupled Crank-Nicolson

method for a representative time step taken from the simulation of the re-entry benchmark (note
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that the elliptic solve is identical whichever of forward Euler and Crank-Nicolson time-stepping

is used). It can be seen that the rate at which the residuals decrease is monotonic for both

methods and slightly faster for the coupled method.

However, this only tells part of the story. The linear systemfor the coupled method is larger

than for the uncoupled and the values ofVm (which must be solved for in the coupled method,

but not as part of the elliptic solve in the uncoupled method)are typically much larger than those

of φe. Both of these factors mean that the same relative errors in the solutions for each of the

two methods would generate a larger residual for the coupledmethod than for the uncoupled.

Hence, the value of||Ae||/||Ax|| (wheree is the vector of errors in the solution) is also plotted,

to give an indication of how the norm of the errors relates to the norm of the solution vector

(i.e. the relative error). It can be seen that using this relative method the convergence for the

coupled method is dramatically faster than for the ellipticsolve of the uncoupled method. Hence

fewer iterations are required for convergence of the coupled method to a solution which is at

least as accurate as the equivalent using an uncoupled method.

Clearly the choice of convergence criterion is also of critical importance. The coupled method

must converge in fewer than half as many iterations as the decoupled methods in order that

the reduction in the number of iterations outweighs the additional time spent on each iteration.

So, some justification for the choice of a relative toleranceof 10−5 is required. Here we note

again that comparing residuals for the two methods is not necessarily indicative of their relative

accuracy (since they solve different linear systems). The quantities that are actually of interest

are the RMS errors inVm and φe compared to the ‘good estimate’ coupled with very small

time steps and tolerances referred to in Sec. II-E. The valuesof these RMS errors for solution

of the coupled method with various different choices of relative tolerance as the convergence

criterion are shown in Fig. 4. It can be seen that decreasing the relative tolerance below 10−5

does not greatly increase the accuracy of the solution compared to the good estimate, whereas

increasing it to more than 10−4 leads to a significant increase in the RMS errors. Note also that

in each result reported the RMS errors resulting from the coupled method weresmaller than

those for the equivalent simulation using either of the decoupled methods. So, accuracy is not

being sacrificed for the greater speed of the coupled method.

Note, however, that results of [27] (comparing a coupled method to a decoupled method

with an outer block Gauss-Seidel (GS) loop) suggest that a decoupled method with only one
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GS iteration (equivalent to the decoupled method used here)should be faster than a coupled

method. This discrepancy will require further investigation in the future. However, the results

of [27] were generated for a much smaller test case (70,699 nodes) using a structured FE mesh

(leading to a very much more structured system matrix) for a much simpler geometry, so the

differences between the two studies are sufficient that thisis not a major concern at this stage.

In addition to the speedup seen by implementing the coupled method, the increased stability

that is obtained by using an implicit method to advance in time means that the time step can be

chosen to be significantly larger than for the explicit uncoupled method. In particular, the time

step can be determined by physiological considerations rather than being constrained by the size

of the smallest element of the FE mesh. This is likely to be very advantageous both when very

fine meshes are used in order to increase the resolution of thesolution (as there would be no

need to reduce the time step to preserve stability) and if adaptive methods are used in order to

speed up the solution of the bidomain equations in regions away from the electrical potential

wave front (as the allowable increase in time step — and hencepotential increase in efficiency

— would be much larger).

Finally, observe that an improvement of 50% to 80% in efficiency, while not necessarily

sounding like a significant leap forward, can be very useful in practice. For example, a simulation

that previously lasted one day using the Crank-Nicolson method could be run overnight using

the coupled method. This makes for more flexible working, with the results from a simulation

that is started at the end of one day being available for analysis at the start of the next day.
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L IST OF FIGURES

1 Performance comparison of the different numerical methods on the pacing bench-
mark. The accuracies of the coupled and CN methods are approximately equal,
while the errors obtained using the explicit method are twice as large as those
resulting from the coupled method. The left panel shows the total time required to
run the benchmark on 1, 2, 4, 8, 16 and 32 processors using the coupled method
(black bars), the CN decoupled method (grey) and the explicitdecoupled method
(white). The right panel shows the relative speedup for the solution of the PDEs in
the pacing benchmark obtained by using the coupled solutionmethod compared to
the uncoupled explicit (dashed line) and uncoupled CN (solidline) methods. . . . . 20

2 Parallel speedup (left panel) and efficiency (right panel)of the coupled (solid
line), uncoupled CN (dashed line) and uncoupled explicit (dot-dashed line) solution
methods for the bidomain equations. For comparison, the dotted line in the plot of
parallel speedup represents a theoretical linear speedup (equivalent to an efficiency
of 1.0 for any number of processors in the efficiency plot). . .. . . . . . . . . . . 21

3 Convergence history of the solution methods. Residuals (left panel) and||Ae||/||Ax||
(right panel) are plotted semi-logarithmically against the iteration number for both
the coupled solve (solid line) and the elliptic solve in the uncoupled Crank-Nicolson
method (dashed line). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 22

4 Effect of varying the convergence criterion on the RMS errors in the solutions.
The RMS errors inVm (solid line) andφe (dotted line) after 100 ms simulation of
the re-entry benchmark, using the coupled method are shown,plotted against the
relative tolerances (between 10−1 and 10−10) used to determine convergence of the
iterative solver at each time step. . . . . . . . . . . . . . . . . . . . . .. . . . . . . 23
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Fig. 1. Performance comparison of the different numerical methodson the pacing benchmark. The accuracies of the coupled
and CN methods are approximately equal, while the errors obtained using the explicit method are twice as large as those resulting
from the coupled method. The left panel shows the total time required to run the benchmark on 1, 2, 4, 8, 16 and 32 processors
using the coupled method (black bars), the CN decoupled method (grey)and the explicit decoupled method (white). The right
panel shows the relative speedup for the solution of the PDEs in the pacingbenchmark obtained by using the coupled solution
method compared to the uncoupled explicit (dashed line) and uncoupled CN (solid line) methods.
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uncoupled explicit (dot-dashed line) solution methods for the bidomain equations. For comparison, the dotted line in the plot
of parallel speedup represents a theoretical linear speedup (equivalent to an efficiency of 1.0 for any number of processors in
the efficiency plot).
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Fig. 3. Convergence history of the solution methods. Residuals (left panel) and ||Ae||/||Ax|| (right panel) are plotted semi-
logarithmically against the iteration number for both the coupled solve (solid line) and the elliptic solve in the uncoupled
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I Summary of the results obtained from simulating the pacingbenchmark using the
different numerical schemes. All simulations use the BAMG preconditioner. Shown
in the table are number of processors used in the simulation (p), total number of
iterations (I), mean time per iteration (̄Ti) and the RMS errors inVm andφe after
100 ms of the simulation (||Vm|| and ||φe|| respectively). . . . . . . . . . . . . . . . 25

II Summary of the results obtained from simulating the re-entry benchmark. All
simulations use the BAMG preconditioner and were run on 32 processors. Shown
in the table are the total computational time required to runthe simulationT , total
number of iterations (I), mean time per iteration (̄Ti) and the RMS errors inVm

andφe after 100 ms of the simulation (||Vm|| and ||φe|| respectively). . . . . . . . . 26
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TABLE I

SUMMARY OF THE RESULTS OBTAINED FROM SIMULATING THE PACING BENCHMARK USING THE DIFFERENT NUMERICAL

SCHEMES. ALL SIMULATIONS USE THE BAMG PRECONDITIONER. SHOWN IN THE TABLE ARE NUMBER OF PROCESSORS

USED IN THE SIMULATION (p), TOTAL NUMBER OF ITERATIONS (I ), MEAN TIME PER ITERATION (T̄i) AND THE RMS

ERRORS INVm AND φe AFTER 100 msOF THE SIMULATION (||Vm|| AND ||φe|| RESPECTIVELY).

Method p I T̄i ||Vm|| ||φe||

ms ×10
−6 mV ×10

−6 mV

Coupled 1 23276 2513 38.34 0.73

2 23277 1355 38.71 0.74

4 23277 756 39.19 0.75

8 23277 403 39.60 0.77

16 23279 219 40.04 0.78

32 23276 129 41.10 0.81

Explicit 1 64469 1271 78.88 1.92

2 68517 674 78.88 1.92

4 78132 371 78.88 1.92

8 77839 201 78.88 1.92

16 78973 102 78.88 1.92

32 80736 59 78.88 1.92

CN 1 64722 1363 42.85 0.87

2 69255 732 42.85 0.87

4 79338 398 42.85 0.87

8 79061 213 42.85 0.87

16 80067 111 42.85 0.87

32 81629 59 42.85 0.87
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TABLE II

SUMMARY OF THE RESULTS OBTAINED FROM SIMULATING THE RE-ENTRY BENCHMARK. ALL SIMULATIONS USE THE

BAMG PRECONDITIONER AND WERE RUN ON32 PROCESSORS. SHOWN IN THE TABLE ARE THE TOTAL COMPUTATIONAL

TIME REQUIRED TO RUN THE SIMULATIONT , TOTAL NUMBER OF ITERATIONS (I ), MEAN TIME PER ITERATION (T̄i) AND

THE RMS ERRORS INVm AND φe AFTER 100 msOF THE SIMULATION (||Vm|| AND ||φe|| RESPECTIVELY).

Method T I T̄i ||Vm|| ||φe||

s ms ×10
−6 mV ×10

−6 mV

Coupled 3327 25009 133 10.53 0.62

Explicit 4649 73604 63 98.30 2.60

CN 4339 73677 59 59.94 1.54

February 17, 2009 DRAFT





RECENT REPORTS

2009

01/09 A Mass and Solute Balance Model for Tear Volume and Osmolar-
ity in The Normal And The Dry Eye

Gaffney
Tiffany
Yokoi
Bron

02/09 Diffusion and permeation in binary solutions Peppin

03/09 On the modelling of biological patterns with mechanochemical
models: insights from analysis and computation

Moreo
Gaffney
Garcia-Aznar
Doblare

04/09 Stability analysis of reaction-diffusion systems with timem-
dependent coefficients on growing domains

Madzvamuse
Gaffney
Maini

05/09 Onsager reciprocity in premelting solids Peppin
Spannuth
Wettlaufer

06/09 Inherent noise can facilitate coherence in collective swarm motion Yates et al.

07/09 Solving the Coupled System Improves Computational Efficiency
of the Bidomain Equations

Southern
Plank
Vigmond
Whiteley

08/09 Model reduction using a posteriori analysis Whiteley

09/09 Equilibrium Order Parameters of Liquid Crystals in the Laudau-
De Gennes Theory

Majumdar

10/09 Landau-De Gennes theory of nematic liquid crystals: the Oseen-
Frank limit and beyond

Majumdar
Zarnescu

11/09 A Comparison of Numerical Methods used for Finite Element
Modelling of Soft Tissue Deformation

Pathmanathan
Gavaghan
Whiteley

12/09 From Individual to Collective Behaviour of Unicellular Organisms:
Recent Results and Open Problems

Xue
Othmer
Erban

13/09 Stochastic modelling of reaction-diffusion processes: algorithms
for bimolecular reactions

Erban
Chapman

14/09 Chaste: a test-driven approach to software development for phys-
iological modelling

Pitt-Francis et al.



15/09 Block triangular preconditioners for PDE constrained optimiza-
tion

Rees
Stoll

16/09 From microscopic to macroscopic descriptions of cell migration on
growing domains

Baker
Yates
Erban

Copies of these, and any other OCCAM reports can be obtained
from:

Oxford Centre for Collaborative Applied Mathematics
Mathematical Institute

24 - 29 St Giles’
Oxford

OX1 3LB
England

www.maths.ox.ac.uk/occam


