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Solving the Coupled System Improves
Computational Efficiency of the Bidomain

Equations
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Abstract

The bidomain equations are frequently used to model theggetpn of cardiac action potentials
across cardiac tissue. At the whole organ level the sizesttmputational mesh required makes their
solution a significant computational challenge. As the esxy of the numerical solution cannot be
compromised, efficiency of the solution technique is imaorto ensure that the results of the simulation
can be obtained in a reasonable time whilst still encapgsglahe complexities of the system.

In an attempt to increase efficiency of the solver, the bidoreguations are often decoupled into
one parabolic equation that is computationally very cheagotve and an elliptic equation that is much
more expensive to solve. In this study the performance &f thicoupled solution method is compared
with an alternative strategy in which the bidomain equatiare solved as a coupled system. This seems
counter-intuitive as the alternative method requires thlat®n of a much larger linear system at each
time step. However, in tests on two 3-D rabbit ventricle tenarks it is shown that the coupled method
is up to 80% faster than the conventional uncoupled methodnd-tlaat parallel performance is better

for the larger coupled problem.
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. INTRODUCTION

The bidomain equations [1]-[3] have been widely used for ynggars to model the propa-
gation of electrical waves across cardiac tissue. A systetwo partial differential equations
(PDEs), they model the tissue as a homogenized two-phaseriaigintra- and extra-cellular
space), with the potential difference between the two phasea given point driving a capacitive
current across the cell membrane that separates thesesspacmnic current also flows across
the cell membrane. This ionic current is calculated usinglantrophysiological cell model that
is usually described by a system of ordinary differentialampns (ODES).

The numerical solution of the bidomain equations is usuedliculated using standard finite
element (FE), finite volume (FV) or finite difference (FD) metls and there are many different
numerical schemes that can be used to do this [4]-[11]. Hewes the discretization of a whole
heart with an average nodal spacing of 268 generates a mesh with many millions of nodes,
the linear systems resulting from FE, FV or FD methods arg lage. Whole heart simulation
using the bidomain model is therefore a non-trivial sciemttomputing problem. It is desirable
to choose a numerical method that gives the required accasmefficiently as possible.

The need for relatively fine meshes, however, is driven byilet anatomical and phys-
iological considerations and this inevitably leads to ahha@pmputational cost. For example,
the simulation of a single second of cardiac activity on aiabentricular mesh consisting of
862,515 nodes using the CARP simulator [7] and a modified Bé&eaiter cardiac cell model
[12], [13] requires approximately 40 hours of CPU time on 6dewof the HPCx supercomputer
[14]. The equivalent simulation on a whole human heart, gisire same mesh spacing, would
necessitate a grid containing 30 million nodes and the sitirmrl would take around 1400 hours
— about seven weeks — assuming (somewhat optimisticallsg) the increase in run-time
would scale linearly with the problem size. This predictedet frame makes the use of whole
heart simulations to investigate arrhythmias or the eftéatew drugs infeasible using current
algorithms and technology.

In this study we show that the bidomain equations can be soh@e efficiently as a coupled

system than by decoupling the extra-cellular and transmanebpotentials. The coupled method
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requires the solution of a much larger linear system thanutie®upled method, but the iterative
solvers converge in many fewer iterations resulting in aeral speedup of between 50% and
80% for the same level of accuracy. The parallel scaling efdbupled and uncoupled methods
are also considered as future whole heart simulations ang likeely to require the use of

massively parallel computing facilities in addition to imped algorithms. We also show that
using the coupled method allows for the boundary conditmmshe system to be applied more
rigorously than is the case for the uncoupled system (sineebmundary condition depends on

both the transmembrane and extra-cellular potentials andat be decoupled).

II. METHODS AND MODELS
A. The Bidomain Model

The bidomain equations are given in [3] as:

X(Cm% + Tion(u, Vm)> — V- (aiV(Vin+ ¢e)) = 0, (1)
V- ((6i + 0e) Ve + 01V Vi) = 0, (2)

du
% = f(u7 Vm)v (3)

where Vin(x,t) is the transmembrane potentialy(x,t) is the extra-cellular potentiak is a
vector of dependent variableg,, is the total ionic current across the cell membranpes the
cell surface to volume ratia(, is the membrane capacitaneg,and o, are the intra-cellular
and extra-cellular conductivity tensors respectivélys a vector-valued functiong is position
andt is time. The functionf, the components ofi, and /i, are determined by an ODE model
of a cardiac cell.

In order for the bidomain equations to be well-posed it i® alscessary to impose approximate
initial and boundary conditions. For the simulations dixsad in this paper the simulated heart
is surrounded by a conducting bath of fluid with electrodesdus stimulate parts of the surface
of the bath. The bath is modelled as an extension of the eelialar space, s@. and the
extra-cellular current, = —0.V¢e should be continuous across the interface between heart and
bath. The FE method implemented below will enforce theselitioms automatically. Since there

is no intra-cellular space in the bath, is not defined in this region and there is no flow of
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intra-cellular current across the interface, i.e.
n- (oiV(Vm+ ¢e)) =0 on the surface of the heart, 4)

wheren is the unit outward-pointing normal (i.e. from the hearwithe bath) to the surface.
Finally, it is necessary to specify a boundary conditionggron the outer surface of the bath.

Away from the electrodes it is assumed that no current ceoise boundary of the bath:
n- (ceVepe) =0 away from the electrodes. (5)
One of the electrodes is grounded, so the correct boundamgitan on this electrode is
¢e =0 on the ground electrode. (6)
Current is injected through the second electrode, so that:
V - (0eVe) = —Ie(t) on the stimulation electrode @)

where I¢(t) is the external stimulus current applied (which, in gendsakero except for short

periods of stimulation).

B. Solution Methods

Two families of numerical algorithms for solving the bidomaiquations using FE methods
are considered in this work. One is very typical of the waylifddmain equations are solved in
most simulation software: by decoupling the PDEs, Egnsat) (2), for¢. andV;, and solving
separately. The motivation behind this strategy is to irsmesfficiency by reducing the size of
the linear systems to be solved. Note also that, histoyicatucing the size of the linear system
size could be equally important, or more important, thamaasing efficiency: when Cray T3D’s
only had 16 or 32 MB of memory per node the methods had to bestadjuo accommodate the
hardware, even at the expense of performance. The secohddrlietves the two PDEs coupled.
This means that the system is larger than for the decoupleédotheThis idea of solving larger
systems to speed up the simulation seems counter-intulieeertheless, we shall demonstrate

that it is, in fact, more efficient than the decoupled scheme.
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1) Operator Splitting and Explicit Time Stepping: In the first solution method the bidomain
equations (Egns. (1), (2)) are re-written as follows [3B][1
Vm  V-(0iV(Vn+de)  Lion(u, Vin)

ot XCrm Oy ®)
V- ((Ui + Ue)v¢e) = —0iVVn, (9)

du
i f(u, Vin). (20)

In this formulation, the first of these equations can be a®rsidd as a parabolic PDE fof,
(assuming a knowmr), the second considered as an elliptic PDE ggi(assuming a knowm,
and the third remains a system of ODEs.
On discretizing in time using the forward Euler method thkof@ing system is obtained at
each mesh node:
V't =V _ V- (0iV(Vin +¢8)  Tion(u", Vi)

- 11
At xCrm Cn (11)
V- ((0i + 0e) VPETY) = —VVETL, (12)

T Lan Y
N f(u", Vi), (13)

where At is the time step and %, ¢¢ and u* are the discretizations in time d6f,, ¢ andu
respectively at timé:At. Note that on using this formulation it is possible to solvstffor VX +1
with no knowledge of the numerical approximation f@rat the new time stepk(+ 1) and then
solve for ¢5*! using the solution that has already been computed/fpr, i.e. the equations
are now decoupled at each time step.

The uncoupled equations are solved at each time step viallbeving lumped mass method
[7], [14]:

VFH = (I + AtA)VF + AtA @F

— C_mIion(uk7 Vk)a
1
(Aj + Ag)®FT! = — A VFHL XTI’gH, (15)
m
u" = uf + Atf(uF, V), (16)

where V¥, ®* u*, andI} are the spatial discretizations &f,, ¢, u, and I, respectively at

time kAt, Iy is the vector-valued equivalent of the scalar functigp, A¢, £ = i,e, are the
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discretized versions of th¥ - (c,V)/(xCm) operators and is the identity matrix. The entries
of IX are always zero for nodes that are not located on the stimglatectrode and this vector
is used solely to impose the current injection boundary ttmmdgiven by Eqn. (7).

This method is conditionally stable, with the maximum timepsfor which it is stable
depending on the size of tlsmallest element in the FE mesh [11].

Note that since the equations fof, and ¢ have been decoupled it is not possible to impose
the boundary condition given in Eqn. (4) exactly when sajviagn. (11) — this boundary

condition couples botf**! and ¢5*!. The best that can be done is to set
n- (oiVVyt) = —n- (6;V®y), (17)

on the surface of the heart, where h&teepresents the discretized gradient operator, and observe
that since stability requirements mean tiet must be chosen to be very small for an explicit
scheme this is unlikely to undermine the numerical accuraitically [11].

Solving the bidomain equations via Eqns. (14) — (16) is thiawe technique used in the
CARP simulator . This simulator was used to generate the sesfilthe uncoupled explicit
system presented in this work.

2) Operator Splitting and the Crank-Nicolson Method: An alternative to solving the decoupled
method using the forward Euler method is to use the secomeraccurate Crank-Nicolson
method for time-stepping fov;, in the PDEs (Eqgns. (15) and (16) are still used égrand to
solve the system of ODEs given by Eqn. (3) respectively). @ordtizing Eqgns. (8) and (10) in
time using this method the system is the same as the expiiwt $tepping but with Eqn. (11)
replaced with

Vitt -V V(o VEVET+VE) 4+ ¢k))

At XCm o (18)
_ [i0n<u ) Vm)
Cm '
Using this time discretization gives rise to the followinguation to updatév:
(I — SALA)VFT = (I + LALA)VF + AtAP"
At (29)
- O_mIion(uka Vk)»

where again a lumped mass matrix is used.

February 17, 2009 DRAFT



HEADER 1 7

The slight extra complexity of implementing this schemeustified for the stability properties
that it offers [11]. As with the explicit scheme, the solutiof the bidomain equations using
Egns. (12), (13), (19) is implemented as a user-specifietbroph the CARP simulator. This
implementation was used to generate the results of the Q¥atison scheme presented below.

As for the explicit method, the decoupled nature of the Crdidelson scheme means that the
boundary condition defined by Eqn. (4) on the surface of thethsannot be imposed exactly,
since again this would require recoupling the solution ¥8rt! and ®*+!. It is shown in [11]
that the natural boundary conditions for the FE solution gh& (12), (13), (19) is a good
numerical approximation of the exact boundary conditiawsthis will not affect the accuracy
of the solution. What is less clear, however, is whether byisglalternately forvV*+! and ®*+!
results in a slower convergence to the solution than woulgdssible if the boundary condition
could be applied to botlV**! and ®*+! simultaneously.

3) Coupled Solve with Semi-Implicit Time Stepping: An alternative to the method described
above is to solve the two bidomain Egns. (1), (2) as a couplstesy[16], [17]. The system
of ODEs is still decoupled from the PDEs. Then, discretizimgime using the forward Euler
method for the ODEs and the implicit backward Euler methadlie PDEs (except for thé,,

term, which is treated explicitly to preserve linearity betdiscretized system) gives:

Vk+1 Vk
(0 1)

(20)
. V . ( v(vk+1 + ¢k+1)) 0’
V- ((0i + 0e) Vo 4 o VVETD) = 0, (21)
uFtl — uk
N f(u", Vi), (22)

where the variables are identical to those used in the tis@eatized version of the uncoupled
system.
Then using a lumped mass scheme (equivalent to those forpletor splitting methods)

results in the following method:

A — if A Vit
At = b*, (23)
A A+ Ay ) \ @M

u" = uf + Atf(ub, V), (24)
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where ] 1
_ Ik—H
XCm ¢

and all other variables are identical to those used withaipesplitting. Since the equations for
Vm and ¢ remain coupled in this scheme it is possible to impose thenébay condition given
by Eqn. (4) for the surface of the heart. In fact, it turns dwdttthis is a ‘natural’ boundary
condition for the FE scheme, so no additional terms need tadoed to Eqn. (24) in order to
implement it.

The stability properties of the backward time derivativieowl long time steps of the order
of 0.1 ms to be used for a mesh with nodal spacing of 0.1 mm tlealdvotherwise require
much smaller time steps for stability [10]. This stabilitynclition is certain to be less restrictive
than that for the explicit uncoupled method. So, it is mokelii that physiological requirements
(rather than the need for stability) can be used to deterthieesize of the time step. This will
be especially useful if adaptive techniques are to be usédtume. For example, [18] describes
simulations that use an adaptive FE method with a maximuresiep of 1 ms and no significant
loss of accuracy. This is far larger than the timesteps thatbe used for the explicit method.

The method issemi-implicit since the ionic current terms are treated exgiicbut the con-
duction terms are treated implicitly. The ODE system résglfrom the cardiac cell model is
solved explicitly at each time step. As many cell models gige to stiff systems of ODEs
it would be better to use an implicit method. However, st#téhe-art cell models consist of
large, coupled systems of nonlinear equations that arerginexpensive to solve implicitly
(although, see [10] for a more efficient implicit scheme focaadiac cell model that could be
used to make the coupled solve fully implicit).

In order to facilitate a direct comparison between the twahoas, a solver for Egns. (23) —
(25) was implemented in CARP, using the same assemblersrsawe mesh handlers as for
the explicit, operator splitting method. This ensures that differences in timings for the two
methods are independent of their implementation and agateca reflection of their numerical

efficiency as possible.
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C. Benchmarks

Two benchmarks were run for each of the solution methodssd lbenchmarks are identical
to those used in [14] to compare the performance of varioasgoditioners within the CARP
software package. In each benchmark the bidomain equatiers solved over a period of 200
ms on a full rabbit ventricle mesh consisting of 862,515 axitellular and 547,680 intra-cellular
nodes and based on published geometrical data [19] with $tnmemicardial and endocardial
surfaces and realistic fibre orientation. The data was eligerd using an unstructured grid with
an average spatial resolution of 2h@n and linear tetrahedral elements. All simulations were
performed withCy, = 1 pF/cm?, y = 1400 cm™!. Intra-cellular and extra-cellular conductivity
were defined to bery = 1.74 mS/cm andog = 6.25 mS/cm respectively in the direction
of the fibres,oiy = 0.19 mS/cm andog = 2.36 mS/cm respectively transverse to the fibres
[20] and o, = 1.0 mS/cm (isotropic) in the surrounding fluid. A time step ofu8 was used
and the Puglisi rabbit ventricular cell model [21] with and#tbnal electroporation current
[22] and a hypothetical outward current that activatesnsfip at positive potentials (outside
the physiological range) [23] used to modg),. These two currents help to reproduce some
experimental observations that cannot be accounted fohdtandard Puglisi model.

The rabbit ventricle is embedded in a cubic bath, with twateteles (one stimulating, one
grounding) located on opposite faces of the cube. The stitimgl electrode is used to deliver a
train of ten pulses of current at 200 ms intervals, eachrigsior 5 ms and withl, = 5 x 10°
pAlcm?, After delivery of the final pulse the simulation continuesdare-entry is observed.
Two representative subsequences of this simulation arsechto analyze the properties of the
two solution methods both before and after the onset of terefhe first is a 200 ms interval
beginning with the delivery of the first pulse and the secon20@ ms interval containing a
figure-of-eight re-entry sequence following the end of tinalfpulse (i.e. 2000 ms after the start

of the first pulse).

D. Linear Solve

The PETSc library [24] was used both to precondition and teesthe linear systems of the
general form
Ax=Db (26)
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that result from each of the two solution methods. The ibegatonjugate gradient (CG) solver
[25] was used for both the decoupled Egn. (15) and the coupted (23). In order to speed
up the iterative CG solver a preconditioner was applied tcheafcthe two systems. It has
been shown in [14] that the BoomerAMG (BAMG) precondition@6][ works very well in
combination with the CG method for the decoupled system antha&owas used for both the
coupled system and the determination®f*! in the decoupled systems in this work. For the
Crank-Nicolson method it is also necessary to solve a linesteny in the solve folV**! at
each time step. An incomplete Cholesky preconditioner igl usethis linear solve (which is
much less computationally expensive than the solvedftt?).

By default PETSc distributes the problem amongsttlavailable processors by the firdt/p
rows on processor 0 (wheté is an N-by-N matrix), then the nextV/p rows on processor 1
and so on. This means that for the coupled system as definedrs; 23) — (25) the values of
Vm and ¢ at each node of the FE mesh would be stored on different pgoce$wherp > 2),
necessitating a significant amount of communication timeveen the two processors storing
each of these values. So, it would be better to store the tluesan the same processor. At the
same time, it is desirable to retain the block structure efgiistem matrix as much as possible
(as the CG method is most efficient on sparse, diagonally damhimatrices) and to distribute
the values ofp. at bath nodes evenly amongst the processors (to aid loaddiadd. In order to
do this, rows of the matrixl and vectorx andb in Eqn. (23) are perturbed and then partitioned

into p equal sections:
VE= (V... V), (27)
o = (®f,..., DY), (28)
where for anyi, the vector segmenf¥* and ®* contain the values of;, and ¢, respectively
for some subset of the internal heart nodes, @iisalso contains further values ¢f at several
of the bath nodes. The partitioned sections are then arraingéh@ overall solution matrix*

so that:
x" = (V},®f,...,VE &), (29)

with the rows of A andb being re-ordered in the same way. By leaving large sectiong‘of
and ®* intact, the structure of the system matrix is preserved ashnais possible, minimizing

any possible loss of performance in the CG method.
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All simulations were run on a cluster at Fujitsu Laborater Europe consisting of 44
compute nodes, each consisting of two dual core Xeon 5166epsors (3.0 GHz) with an

InfiniBand interconnect.

E. Performance Measures

Direct comparison of the performance of the two methodsfigcdit as each of them solves
a different linear system. Ideally the computed solutioreudd be compared with an exact
solution to the governing equations. However, for a model gaometry as complex as the
whole ventricle used here it is impossible to determine saidolution. Instead, the solutions
are compared with a good estimate of the exact solution, mddaby solving the benchmark
cases using the coupled method, a very small time step andsweall absolute and relative
tolerances for the PETSc solver (both setléo®") [6]. The root-mean-square (RMS) errors of
the approximations td;, and ¢, for each of the solution methods relative to the good esémat
are calculated at selected time steps and used as a measgceuddcy. The total computation
time required to reach an equivalent level of accuracy foheaethod is used as a measure of
efficiency.

In addition to the total computation time and the RMS of thedwsl, the amount of time spent
computing the solution to the PDEs, the number of iteratio@sded for the iterative solver to
converge and the time per iteration are also recorded. Cangpilie time spent solving the PDEs
allows the relative performance of the different parts & two methods to be compared, while
calculating the iteration statistics allows analysis af ttauses of any difference in efficiency
between the two methods, i.e. determining whether the ivgatgerformance is due to the
quicker method needing fewer iterations to converge or lmx@ach iteration can be completed

in a much reduced time.

[11. RESULTS

The results of running the first benchmark for the semi-impkoupled and for both of the
uncoupled methods using a BAMG-preconditioned CG solversaramarized in Table | and
Fig. 1. Table Il shows the comparison between the three ndstifior the second benchmark.
It can be seen that the coupled method outperforms both ofiticeupled methods on both

benchmarks.
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A. Pacing

The pacing benchmark was run for= 1,2, 4,8, 16, 32, wherep is the number of nodes of
the cluster that were used. For each simulation, the PEESatite CG solver was deemed to
have converged when the relative tolerance (i.e. diffexdyetween two successive iterations of
the solution) is less thah0—°. Calculation of the RMS errors (see the fifth and sixth columns
of Table 1) shows that the coupled semi-implicit method igtgly more accurate than the
uncoupled CN method for bothV;,|| and||¢e|| (and for allp). In turn, both are approximately
twice as accurate as the uncoupled explicit method.

Fig. 1 shows the times required to run the entire benchmarngusach numerical method. It
can be seen that the coupled method runs between 1.31 andirhe&l as fast as the explicit
uncoupled method and between 1.47 and 1.76 times as fastaSrémk-Nicolson method,
despite needing to solve a larger linear system at each tiepe $hese values are increased
to between 1.40 and 1.67 for the explicit method and betweB@ and 1.80 for the Crank-
Nicolson method if only the time taken solving the PDEs issidered. This is a more accurate
indication of the speedup in the section of the code thatdifbetween the various methods and
also provides an indication of how the whole code will perfoover longer simulations (since
it excludes the time taken to assemble the solution matrigagsh only has to be done once
and, hence, is constant no matter how long the simulatiohes tun for).

Note, however, that the time per iteration (given in the fowolumn of Table 1) is approxi-
mately twice as large (for app) for the coupled method as it is for either of the two uncoupled
methods. This is in line with what would be expected as thedirsystem that is solved for in
the coupled method is roughly twice as large as that for tlewwpled systems (since it includes
the values of both/, and ¢, at each node while the linear solves in the uncoupled methods
are for the values o, only). The reason for the coupled method being faster dvisrghat it
requires far fewer iterations per time step to converge ¢osthlution of the bidomain equations
(see the third column of Table | for the total number of itenas). Note also, however, that the
iteration count for the CN method includes the iterationsrfraoth linear solves (for each of
the extracellular and transmembrane potentials).

The parallel performance of each of the three solution nésh® shown in Fig. 2. The scaling

for all three methods is broadly similar. This is to be expdcas they are each implemented
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using similar code in the CARP simulator and use identicallfgidéraries for the linear solve.
The coupled method scales very slightly better than the tacpupled methods. Again this is
in line with what we would expect to see as of the three tasashhve to be performed at each
time step, two (calculating the RHS vecfiorand solving the ODES) are trivially parallelizable,
while the third (solving the linear system) is faster for twpled model. So, when using the
coupled method a higher proportion of time is spent doingttiveally parallelizable tasks.
Finally, note that the timings for running the benchmarkngsihe uncoupled explicit method
are considerably faster than for the similar benchmarksrted previously on the HPCx su-
percomputer [14], even though the processors in both mashirave almost identical clock
speeds (both approximately 3.0 GHz). There are at lease treasons for this. Firstly, only
one processor per node was used for the simulations at FL&iloed in this work, compared
to two processors per node on HPCx, with shared memory useghdssage passing within a
node. Conflicts between the two processors in a single nodeautilto slow the simulation.
Secondly, the tolerances used for this work are differemnfthose used previously (in order to
enable direct comparison with the coupled method) and tlag iead to convergence in slightly
fewer iterations. Finally, more recent versions of the nuoa libraries were used in this work
(in particular, PETSc 2.3.2 rather than 2.2.1). These @hsiens are supported by comparing
the timings in this work with those reported on a Linux clustising only one processor per
node in [14]. There, a time per iteration of 315 ms was reofte the re-entry benchmark on
16 processors with clock speeds of 2.0 GHz. This is 3&8ter than the equivalent timing on
HPCx (493 ms), even though the clock speed of each processatyigwo-thirds as fast. The
equivalent time per iteration in this work was 102 ms, whishijle still twice as fast as would
be accounted for by the difference in clock speeds, is stbe&lenough to be accounted for by

the improved numerical libraries.

B. Re-Entry

The re-entry benchmark was run on the cluster with 32 only, in order to verify that the
numerical speedup seen in the pacing benchmark was stikmrés a simulation of a more
complex wavefront (i.e. to check that the speedup was notrtignt on the solution evolving
very slowly). The results of these simulations are shown abld II. It can be seen that the

coupled method is 1.30 times as fast as the explicit methddleBD times as fast as the Crank-
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Nicolson method. These results are consistent with thoseisdbe pacing benchmark. In terms
of accuracy, the errors for the Crank-Nicolson method arénagiaout half the size of those for
the explicit method. However, unlike the pacing benchmalle, errors seen when using the
coupled method are substantially smaller than those fbeeibf the decoupled methods. It is
not entirely clear why this is, but the size of the errors fue two decoupled methods are larger
for the re-entry benchmark than for the pacing, so it may la¢ dine more CG iteration for the

two coupled methods would be desirable.

IV. DISCUSSION

The relative efficiency of three numerical methods for sajvthe bidomain equations have
been compared in this paper. The first method was to decodupleilomain equations and then
solve one of the resulting equations using an FE scheme wiexplicit forward Euler method
and treat the other (which contains no time derivatives) steady state problem, which is also
solved using FE methods and a BAMG preconditioned CG linemesoThe second method
was to solve the same decoupled system, but using a Cranksbiicime step instead of the
explicit Euler method in the FE scheme. The third solves thly toupled bidomain equations
using a semi-implicit FE scheme and the same preconditiandrlinear solver as used for the
decoupled methods. The method of decoupling and using ditiéxggcheme is very commonly
used. This has been justified by the intuitive claim that two ba solved faster than one big
linear system.

In this work, however, we have demonstrated that the deedwugilution method is, in fact, not
as efficient as a coupled scheme for the same level of accuraeycoupled scheme implemented
in this work is both faster and more accurate than the exmletoupled scheme on any number
of processors that the algorithms have been tested on. Irpaxison to the Crank-Nicolson
decoupled scheme, the coupled scheme shows significangyowed efficiency and a small
improvement in accuracy, again for aill

The speedup seen using the coupled method is due to thevieesaver (BAMG precon-
ditioned CG) converging in fewer iterations than for the ungded methods, outweighing the
increased time per iteration resulting from solving a lareear system. Fig. 3 shows the
convergence histories of the coupled solve and the ellgalee in the coupled Crank-Nicolson

method for a representative time step taken from the simoula&if the re-entry benchmark (note
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that the elliptic solve is identical whichever of forward|&uand Crank-Nicolson time-stepping
is used). It can be seen that the rate at which the residualeake is monotonic for both
methods and slightly faster for the coupled method.

However, this only tells part of the story. The linear systemthe coupled method is larger
than for the uncoupled and the valuesl@f (which must be solved for in the coupled method,
but not as part of the elliptic solve in the uncoupled methare)typically much larger than those
of ¢.. Both of these factors mean that the same relative errorseirsdtutions for each of the
two methods would generate a larger residual for the couplethod than for the uncoupled.
Hence, the value of Ae||/||Ax|| (wheree is the vector of errors in the solution) is also plotted,
to give an indication of how the norm of the errors relatesh® morm of the solution vector
(i.e. the relative error). It can be seen that using thistikeamethod the convergence for the
coupled method is dramatically faster than for the elligttve of the uncoupled method. Hence
fewer iterations are required for convergence of the caliphethod to a solution which is at
least as accurate as the equivalent using an uncoupled dnetho

Clearly the choice of convergence criterion is also of aitimportance. The coupled method
must converge in fewer than half as many iterations as theugged methods in order that
the reduction in the number of iterations outweighs the teatthl time spent on each iteration.
So, some justification for the choice of a relative tolerantd 0> is required. Here we note
again that comparing residuals for the two methods is noéssarily indicative of their relative
accuracy (since they solve different linear systems). Tientities that are actually of interest
are the RMS errors i, and ¢ compared to the ‘good estimate’ coupled with very small
time steps and tolerances referred to in Sec. II-E. The valfiéisese RMS errors for solution
of the coupled method with various different choices of tretatolerance as the convergence
criterion are shown in Fig. 4. It can be seen that decreasiagélative tolerance below 10
does not greatly increase the accuracy of the solution cardpar the good estimate, whereas
increasing it to more than 16 leads to a significant increase in the RMS errors. Note algo tha
in each result reported the RMS errors resulting from the lemlmethod weresmaller than
those for the equivalent simulation using either of the deted methods. So, accuracy is not
being sacrificed for the greater speed of the coupled method.

Note, however, that results of [27] (comparing a coupledhoetto a decoupled method

with an outer block Gauss-Seidel (GS) loop) suggest thatcaugded method with only one
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GS iteration (equivalent to the decoupled method used refredild be faster than a coupled
method. This discrepancy will require further investigatiin the future. However, the results
of [27] were generated for a much smaller test case (70,6889)ausing a structured FE mesh
(leading to a very much more structured system matrix) foruhmsimpler geometry, so the
differences between the two studies are sufficient thatishiet a major concern at this stage.

In addition to the speedup seen by implementing the coupletthad, the increased stability
that is obtained by using an implicit method to advance iretmmeans that the time step can be
chosen to be significantly larger than for the explicit urged method. In particular, the time
step can be determined by physiological consideratiof®erahan being constrained by the size
of the smallest element of the FE mesh. This is likely to be \alvantageous both when very
fine meshes are used in order to increase the resolution fdllnéion (as there would be no
need to reduce the time step to preserve stability) and iptagamethods are used in order to
speed up the solution of the bidomain equations in regiorsydnom the electrical potential
wave front (as the allowable increase in time step — and hepotential increase in efficiency
— would be much larger).

Finally, observe that an improvement of 50% to 80% in efficigerwhile not necessarily
sounding like a significant leap forward, can be very usefydractice. For example, a simulation
that previously lasted one day using the Crank-Nicolson otettould be run overnight using
the coupled method. This makes for more flexible workinghviite results from a simulation

that is started at the end of one day being available for arsabt the start of the next day.
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Method p I T || Vinl | [|¢ell
ms x107°mVv  x107° mv
Coupled 1 23276 2513 38.34 0.73
2 23277 1355 38.71 0.74
4 23277 756 39.19 0.75
8 23277 403 39.60 0.77
16 23279 219 40.04 0.78
32 23276 129 41.10 0.81
Explicit 1 64469 1271 78.88 1.92
2 68517 674 78.88 1.92
4 78132 371 78.88 1.92
8 77839 201 78.88 1.92
16 78973 102 78.88 1.92
32 80736 59 78.88 1.92
CN 1 64722 1363 42.85 0.87
2 69255 732 42.85 0.87
4 79338 398 42.85 0.87
8 79061 213 42.85 0.87
16 80067 111 42.85 0.87
32 81629 59 42.85 0.87

DRAFT



TABLES

TABLE Il

SUMMARY OF THE RESULTS OBTAINED FROM SIMULATING THE REENTRY BENCHMARK. ALL SIMULATIONS USE THE

BAMG PRECONDITIONER AND WERE RUN ON32 PROCESSORSSHOWN IN THE TABLE ARE THE TOTAL COMPUTATIONAL

TIME REQUIRED TO RUN THE SIMULATIONT', TOTAL NUMBER OF ITERATIONS(I), MEAN TIME PER ITERATION (T’z) AND

THE RMS ERRORS INViy AND ¢pe AFTER 100 MSOF THE SIMULATION (|| Vin|| AND ||¢e|| RESPECTIVELY).

Method T I T; [[Vinl| [l
s ms x107°mV  x107% mv
Coupled 3327 25009 133 10.53 0.62
Explicit 4649 73604 63 98.30 2.60
CN 4339 73677 59 59.94 1.54
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