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SUMMARY

In this paper we investigate the possibility of using a block triangular preconditioner for saddle point
problems arising in PDE constrained optimization. In particular we focus on a conjugate gradient-
type method introduced by Bramble and Pasciak which uses self adjointness of the preconditioned
system in a non-standard inner product. We show when the Chebyshev semi-iteration is used as
a preconditioner for the relevant matrix blocks involving the finite element mass matrix that the
main drawback of the Bramble-Pasciak method – the appropriate scaling of the preconditioners –
is easily overcome. We present an eigenvalue analysis for the block triangular preconditioners which
gives convergence bounds in the non-standard inner product and illustrate their competitiveness on a
number of computed examples. Copyright c© 2000 John Wiley & Sons, Ltd.
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1. Introduction

At the heart of many applications lies the solution of a linear system in saddle point form[
A BT

B −C

]

︸ ︷︷ ︸
x = b

A

(1)

where A ∈ R
n,n, B ∈ R

m,n. The properties of the blocks of A vary with the underlying
application – for example, when looking at saddle point problems arising in the mixed finite
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element treatment of Stokes flow problems the matrix A is symmetric and positive definite and
the matrix C positive semi-definite – often C = 0. A comprehensive survey describing methods
for solving saddle point problems – along with a list of applications that lead to such systems
– is given by Benzi, Golub and Liesen in [1]. In this paper we focus on the situation where
the matrix A has a symmetric and positive definite block A and C = 0, and in particular
on an important class of saddle point problems arising in optimization problems with PDE
constraints. It is well known that under the assumption that B ∈ R

m,n is of full rank the
invertibility of A is guaranteed. The resulting system is symmetric and indefinite and hence
minres [2] is applicable as an iterative solution algorithm. Unfortunately, the conditioning of
the system matrix A does not allow for an iterative process to be effectively applied without
using a preconditioner. Depending on the iterative method of choice one needs to design the
preconditioner P in such a way that the preconditioned matrix Â = P−1A satisfies any required
properties needed for the numerical scheme – for minres this means that the preconditioner
has to be symmetric and positive definite in order to preserve symmetry in the preconditioned
system. In this paper we consider using minres with a block diagonal preconditioner,

P =

[
A0 0

0 S0

]
. (2)

We will discuss preconditioners of this type constructed for problems from PDE constrained
optimization in more detail in Section 4.

The most popular Krylov subspace iterative method for symmetric matrices is the conjugate
gradient method (cg) proposed by Hestenes and Stiefel in [3]. This method can, in its basic
form, only be applied to systems A that are symmetric and positive definite, and in addition
needs the preconditioner P also to be symmetric [4]. Various modifications to cg were proposed
to make it applicable for systems of the form (1) (see [5] for a comprehensive survey). One of
the most popular variants is the so-called Bramble-Pasciak cg method. This method uses a
block triangular preconditioner and a non-standard inner product in which the preconditioned
matrix is symmetric and, under certain conditions, positive definite. In Section 3, we discuss
this method in more detail. The main emphasis in Section 3 is to show that the Bramble-Pasciak
cg method is well suited for saddle point problems arising in PDE constrained optimization
– we introduce these problems in Section 2.

Finally, in Section 5 we compare numerical results of minres with block-diagonal
preconditioner to the Bramble-Pasciak cg with block-triangular preconditioner.

2. The optimal control problem

One of the application areas that leads to linear systems in saddle point form is the field of
PDE constrained optimization (see [6, 7] for introductions to the area). The main aim here is
to minimize a functional J(y, u) subject to a partial differential equation as the constraint. In
our case, the functional to be minimized over a domain Ω ∈ R

d with d = 2, 3 is given by

J(y, u) :=
1

2
‖y − ȳ‖2

L2(Ω) +
β

2
‖u‖2

L2(Ω) . (3)

The state y and the control u are linked via a partial differential equation – we consider the
the Poisson equation here

−△y = f + u in Ω, (4)

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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2 R.ST

where f and ȳ are some given functions, and β is a regularization constant. Note that although
our theory and computations as presented here are based on this equation the ideas presented
here can be applied to any elliptic PDE. In some applications the control can be bounded by
so-called box constraints

ua(x) ≤ u(x) ≤ ub(x) a.e in Ω. (5)

Note that we will neglect the box constraints for the rest of this paper and only talk about the
unconstrained problem. Nevertheless, we want to emphasize that the techniques presented in
this paper are useful when solving problems with box constraints (see [8]). We can summarize
the setup in the following optimality system





min 1
2 ‖y − ȳ‖2

L2(Ω) + β
2 ‖u‖2

L2(Ω) s.t.

−△y = f + u in Ω

y = ȳ on Γ.

(6)

The discretization of the optimality system (6) can be done via the finite element method [9].
As a result we obtain a discrete optimality system given by

{
min 1

2 (yh − ȳh)
T

M (yh − ȳh) + β
2 uT

h Muh s.t.

Kyh = Mfh + Muh

(7)

where M ∈ R
n,n is a mass matrix and K ∈ R

n,n represents the stiffness matrix of the Poisson
equation. With a Lagrange multiplier approach we obtain the following Lagrange function

L(yh, uh, λh) = 1
2 (yh − ȳh)

T
M (yh − ȳh) + β

2 uT
h Muh

−λT
h (Kyh − Mfh − Muh).

(8)

Using the standard techniques for (8), we see that the optimal solution (y∗
h, u∗

h, λ∗
h) of the

system (7) satisfies the linear system




M 0 −KT

0 βM M

−K M 0




︸ ︷︷ ︸




y∗
h

u∗
h

λ∗
h


 =




Mȳh

0

−Mfh




A

(9)

where the saddle point matrix A is now a symmetric matrix with a 3 × 3 block structure.
The system (7) needs to be solved efficiently and in the remainder of this paper we discuss
methods that are well suited for this purpose. For more details on the derivation of (9) we refer
to [10]. Note that for notational convenience we will switch between the 3× 3 and 2× 2 block
structure of the saddle point matrix in (1). Typically we will introduce general statements in
the 2 × 2 block form and properties specific to the matrix from the optimal control problem
will be explained in the 3 × 3 block structure.

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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BLOCK TRIANGULAR PDE OPTIMIZATION 3

3. Bramble-Pasciak cg

The Bramble-Pasciak cg method was introduced in [11] as a solver for problems coming from
the simulation of fluid flow problems and is a widely used tool in the finite element community
[12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. We first introduce the method based on the 2 × 2
saddle point structure for A (cf. (1)). The Bramble-Pasciak cg is based on the application of
a block triangular preconditioner of the form

P =

[
A0 0

B −S0

]
, (10)

where A0 is an approximation to the (1, 1)-block of A and S0 approximates the corresponding
Schur-complement BA−1BT . The preconditioning blocks A0 and S0 are generally chosen such
that a good clustering of the eigenvalues is achieved. The application of the block-triangular
preconditioner is only slightly more expensive than the block-diagonal preconditioner (2) as it
requires one more multiplication with B [23, 24, 11]. When applying the left preconditioner P

to the system matrix A the preconditioned matrix Â = P−1A will be non-symmetric. On first
sight the question arises whether such a preconditioner might be useful in practice since the
symmetric system is transformed into a non-symmetric one. Amazingly, Bramble and Pasciak
showed that the matrix Â is symmetric and also positive definite in 〈u, v〉H = uTHv with

H =

[
A − A0 0

0 S0

]
(11)

whenever H defines an inner product. To see that the preconditioned matrix Â is symmetric
and positive definite in H one has to show that

〈Âx, y〉H = 〈x, Ây〉 bA ⇔ ÂTH = HÂ ∀x, y ∈ R
n

holds and by using a splitting technique we can prove the positivity condition

〈Âx, x〉H > 0 ⇔ HÂ > 0. (12)

The details can be found in [11, 23, 25, 26, 15]. Note that it is also possible to consider right
preconditioning but since the difference is typically marginal we employ left preconditioning
and refer to [26, 27, 28] for more information. The implementation of a cg method based on
this is given in Algorithm 1 (see [23] for details).

One of the questions that arises when implementing the Bramble-Pasciak cg is whether we
can use preconditioners A0 and S0 where these matrices are never given explicitly. This is the
case, for example, with multigrid based preconditioners, where we apply a linear process that
could be written as the inverse of a matrix, but we don’t generally have that matrix. It can be
shown that even in this case the method is applicable since only the action of the inverse of
A0 or S0 is needed when evaluating the inner products with H – i.e. the application of a fixed
number of multigrid cycles is sufficient. We will demonstrate this only on one of the quantities
involved and refer the interested reader to [23, 11] for further details. The quantity to compute
is given by 〈P−1Ar(k+1), p(k)〉H which reduces to evaluating HP−1Ar(k+1) without using A0

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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Given x(0) = 0, set r(0) = P−1
(
b −Ax(0)

)
and p(0) = r(0)

for k = 0, 1, . . . do

α = 〈r(k),p(k)〉H
〈P−1Ap(k),p(k)〉H

x(k+1) = x(k) + αp(k)

r(k+1) = r(k) − αP−1Ap(k)

β = 〈P−1Ar(k+1),p(k)〉H
〈P−1Ap(k),p(k)〉H

p(k+1) = r(k+1) − βp(k)

end for

Algorithm 1: Bramble and Pasciak CG

and S0. In more detail, using Ar(k+1) =
[
(r̂

(k+1)
1 )T (r̂

(k+1)
2 )T

]T
we get

HP−1Ar(k+1) =

[
A − A0 0

0 S0

]
 A−1

0 r̂
(k+1)
1

S−1
0 (BA−1

0 r̂
(k+1)
1 − r̂

(k+1)
2 )




=


 AA−1

0 r̂
(k+1)
1 − r̂

(k+1)
1

BA−1
0 r̂

(k+1)
1 − r̂

(k+1)
2




which is seen to involve only A−1
0 , not A0. It can also be shown that for the evaluation of the

inner product with H the Schur complement preconditioner S0 does not need to be evaluated
[23]. In fact the preconditioner P has to be applied only once per iteration and in order to
evaluate the inner product with H we only need multiplications with blocks of the saddle point
matrix (see [23] for details).

So far we have not talked about the drawbacks of the Bramble-Pasciak cg. For the algorithm
to work we require A−A0 to be positive definite – recall that H needs to define an inner product
– which can only be achieved when A0 is scaled appropriately. The scaling typically involves
solving an eigenvalue estimation problem for the matrix A−1

0 A and can only be avoided when
a good knowledge of the eigenvalues of A−1

0 A is at hand.
We now return to the 3 × 3 system derived in Section 2, i.e.,




M 0 −KT

0 βM M

−K M 0




︸ ︷︷ ︸




y∗
h

u∗
h

λ∗
h


 =




Mȳh

0

−Mfh




A

.

The preconditioner in this case is given by

P =




A0 0 0

0 A1 0

−K M −S0


 (13)

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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BLOCK TRIANGULAR PDE OPTIMIZATION 5

and the inner product is defined by

H =




M − A0 0 0

0 βM − A1 0

0 0 S0


 . (14)

In this case, the condition for the applicability of the Bramble-Pasciak cg is the positivity of
M − A0 and βM − A1, along with the positive definiteness of S0. If we can find scalings for
A0 and A1 without having to approximate an eigenvalue of A−1

0 M or βA−1
1 M the Bramble-

Pasciak cg represents a well-suited method for PDE constrained optimization problems: we
address this question in Section 3.1 below.

The Schur-complement of the saddle point problem (9) is given by

1

β
M + KM−1KT . (15)

Here, we want S0 to represent a good approximation to the Schur complement. A strategy
used by Rees, Dollar and Wathen [10] is for S0 to be an approximation to KM−1KT which
means that the term 1

β M in (15) is neglected. The Schur-complement preconditioner is now

given by S0 = K̃M−1K̃T , where K̃ represents a fixed number of algebraic multigrid V-cycles
using the HSL package HSL MI20 [29].

It is well known that the classical cg method [3] minimizes the A-norm of the error, i.e.
‖ek‖A where ek = x − xk, even in its preconditioned version, pcg; the method of Bramble
and Pasciak with the non-standard inner product defined by H thus minimizes the error in the
norm defined by HÂ, i.e. ‖ek‖H bA . One estimate for the error in the HÂ-norm was introduced
in [30] and is given by

(
κH bA(Â)−1

∣∣∣∣∣
〈PTHÂek, rk〉

〈PTHÂek, rk〉

∣∣∣∣∣

)1/2

≤
‖ek‖H bA

‖x‖H bA

≤

(
κH bA(Â)

∣∣∣∣∣
〈PTHÂek, rk〉

〈PTHÂek, rk〉

∣∣∣∣∣

)1/2

where κH bA(Â) only depends on the eigenvalues of HÂ.

3.1. Chebyshev semi-iteration

As we mentioned earlier the downside of the Bramble-Pasciak cg is that the preconditioners
A0 and A1 need to be scaled to guarantee that H defines an inner product. In the case of the
optimal control problem (7) we have the blocks M and βM , a mass matrix and a scaled mass
matrix. An efficient preconditioner for these systems is given when a fixed number of steps of
the Chebyshev-semi iteration (described below) can be applied, as shown in [31].

In [32, 33] Wathen provided eigenvalue bounds for mass matrices coming from different two
or three dimensional finite elements. We are going to use these bounds to derive, first, bounds
for the convergence of relaxed Jacobi (and the optimal relaxation parameter) and, second,
bounds for the eigenvalues of A−1

0 M , where A0 now represents the matrix that is used to
get the nth Chebyshev semi-iterate approximation. First, suppose we want to solve the linear
system

Mx̂ = b̂ (16)

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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6 R.ST

where M is the mass matrix introduced in Section 2 and b̂ is an arbitrary right hand side. The
iterates of the relaxed Jacobi method [28] are given by

x(m+1) = (I − ωD−1M)x(m) + ωD−1b̂

where D = diag(A). In [32] Wathen gives bounds for the matrix D−1M for different finite
element discretizations. These bounds are easily obtained, even for irregular meshes – if Dn is
the diagonal of the nth element matrix En, then the smallest and largest eigenvalues are given
by the smallest and largest eigenvalues of D−1

n En over all n. This is just an O(n) calculation,
and only needs to be done once for each mesh. We consider square Q1 elements here, and in
this case

λ(D−1M) ∈ [1/4, 9/4].

By using this it is easy to see that the eigenvalues of the iteration matrix, I −ωD−1M satisfy

λ(I − ωD−1M) ∈ [1 −
9ω

4
, 1 −

ω

4
].

The optimal relaxation parameter ω is computed such that the interval is symmetric, i.e.,
for ω = 4/5 we get λ(I − ωD−1M) ∈ [−4/5, 4/5] (see [33]). In summary, ω = 4/5 is the
optimal relaxation parameter for square Q1 elements in 2D. In 3D for the equivalent elements
we have λ(D−1M) ∈ [1/8, 27/8] and hence the optimal relaxation parameter is ω = 4/7 with
λ(I − ωD−1M) ∈ [−13/14, 13/14].

If we now label the iteration matrix as

S = I − ωD−1M,

then in a polynomial iterative method (see [34]) we take a linear combination of iterates x(k)

to produce z(k) =
∑k

i=0 αix
(i) which is, ideally, a better approximation to the solution x. We

can think of the terms αi as being coefficients of a polynomial of degree k, pk(z). Note we
require pk(1) = 1 for the iterates to satisfy z(k) = x for all k if x(0) = x. We can write the
error as

x − z(k) = pk(S)(x − x(0)).

If we start with an initial guess of zero, then this reduces to

x − z(k) = pk(S)x,

and, rearranging, we can write the kth iterate as

z(k) = (I − pk(S))x.

Now, from (16), we can write

z(k) = (I − pk(S))M−1b̂.

If we precondition M with the kth polynomial iterate, then we are actually preconditioning
with the matrix A0 which is the matrix with inverse

A−1
0 = (I − pk(S))M−1.

For the application of the Bramble-Pasciak cg we need good eigenvalue bounds for the matrix
A−1

0 M . In the case of the Chebyshev semi-iteration we have A−1
0 M given by

A−1
0 M = I − pk(S).

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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BLOCK TRIANGULAR PDE OPTIMIZATION 7

We choose the underlying polynomial pk(z) so that it is small on the eigenvalues and
pk(1) = 1. If we only know the extremal eigenvalues but nothing about the distribution of the
remaining eigenvalues, then the best choice of polynomial is the scaled and shifted Chebyshev
polynomials. If λ(S) ∈ [−ρ, ρ],

pk(S) = T̂k(S) =
Tk(S/ρ)

Tk(1/ρ)
,

where Tk are the Chebyshev polynomials, i.e. T0(t) = 1, T1(t) = t, T2(t) = t2 − 1/2,
T3(t) = t3 − 3/4t, etc. This then gives the Chebyshev semi-iterative method [35, 36]. An
efficient way to compute the iterates z(k+1) of the Chebyshev semi-iterative method is given
by the three term recurrence relation

z(k+1) = ϑk+1(Sz(k) + g − z(k−1)) + z(k−1), (17)

where ϑk+1 = Tk(1/ρ)
ρTk+1(1/ρ) and g = ωD−1b̂. (see Varga [34, Chapter 5]). The values ϑk+1 can be

computed using the bounds for eigenvalues of the iteration matrix and the recursive definition
of the Chebyshev polynomials. We know that λ(S) ∈ [−ρ, ρ] and so the range of λ(T̂k(S)) can
be computed as well as λ(A−1

0 M). These values are tabulated for square Q1 elements in 2D
(Table I) and cubic Q1 elements in 3D (Table II) below.

We now go back to the construction of preconditioners A0 and A1 that we want to use in
the Bramble-Pasciak method based on the presented analysis of the Chebyshev semi-iteration.
Recall that in order for H to define an inner product we need the blocks M −A0 and βM −A1

to be positive definite. We only discuss the case M − A0 > 0 since βM − A1 > 0 can be seen
as a scaled version of this condition. The condition M − A0 > 0 is equivalent to A−1

0 M − I
being positive definite. In fact, if all the eigenvalues of A−1

0 A are larger then one we have
positive definiteness of M − A0. Using the bounds presented in Tables (I) and (II) we have
a good knowledge of the minimal eigenvalue λmin of A−1

0 M and choosing any parameter γ0

with 0 < γ0 < λmin guarantees the positivity of M − γ0A0. Analogously, A1 can be scaled
to give the positive definiteness of βM − γ1A1 > 0. This is a key advantage of our approach:
the required eigenvalue bounds to ensure positive definiteness of A−1

0 M − I are not commonly
available when the Bramble-Pasciak method is used, whereas here we have simple a priori
calculations that give precisely the tight bounds required. For notational convenience we will
only use A0 and A1 for the rest of the paper assuming that they are scaled appropriately.

3.2. Eigenvalue analysis

Consider a general saddle point matrix (1),

A =

[
A BT

B 0

]
.

Based on the results of [15], [9], we would like to precondition this using a block triangular
preconditioner

PE =

[
A 0

B −S

]
,

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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Table I. Upper and lower bounds for λ(A−1

0 M), and ǫk s.t. |1−λk| ≤ ǫk, where A0 is given by k steps
of the Chebyshev semi-iteration (without scaling) for square Q1 elements (in 2D)

k Lower bound (λmin) Upper bound (λmax) ǫk
ǫk

ǫk−1

1 0.200000000000000 1.800000000000000 0.800000000000 —
2 0.529411764705882 1.470588235294118 0.470588235294 0.58823529
3 0.753846153846154 1.246153846153846 0.246153846153 0.52307692
4 0.875486381322957 1.124513618677043 0.124513618677 0.50583657
5 0.937560975609756 1.062439024390244 0.062439024390 0.50146341
6 0.968757627532341 1.031242372467659 0.031242372467 0.50036612
7 0.984375953616112 1.015624046383888 0.015624046383 0.50009154
8 0.992187619207471 1.007812380792529 0.007812380792 0.50002288
9 0.996093764901104 1.003906235098896 0.003906235098 0.50000572

10 0.998046876862643 1.001953123137357 0.001953123137 0.50000143
11 0.999023437732830 1.000976562267170 0.000976562267 0.50000035
12 0.999511718779104 1.000488281220896 0.000488281220 0.50000008
13 0.999755859378638 1.000244140621363 0.000244140621 0.50000002
14 0.999877929687954 1.000122070312045 0.000122070312 0.50000000
15 0.999938964843807 1.000061035156194 0.000061035156 0.50000000
16 0.999969482421881 1.000030517578119 0.000030517578 0.50000000
17 0.999984741210937 1.000015258789063 0.000015258789 0.50000000
18 0.999992370605466 1.000007629394531 0.000007629394 0.50000000
19 0.999996185302733 1.000003814697268 0.000003814697 0.50000000
20 0.999998092651366 1.000001907348635 0.000001907348 0.50000000

where S is some approximation to the Schur complement BA−1BT . It is well known that at
least in the symmetric – or in general the self-adjoint – case, the effectiveness of a preconditioner
is dependent on the clustering of the eigenvalues of the preconditioned system, so we want to
find the eigenvalues of the matrix P−1

E A. Note that we can write P−1
E explicitly as

P−1
E =

[
A−1 0

S−1BA−1 −S−1

]
,

and so

P−1
E A =

[
I A−1BT

0 S−1BA−1BT

]
.

Suppose that w = [u v]T 6= 0 and λ are an eigenvector and eigenvalue respectively for the
generalized eigenvalue problem Aw = λPEw. Then we have that

[
I A−1BT

0 S−1BA−1BT

][
u

v

]
= λ

[
u

v

]
,

and so, if v 6= 0, S−1BA−1BT v = λv, or, if v = 0, then we have an eigenvalue at 1. Let µmin

and µmax denote the smallest and largest eigenvalues of P−1
E A respectively. The magnitude of

these will clearly depend on our approximation to S.

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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BLOCK TRIANGULAR PDE OPTIMIZATION 9

Table II. Upper and lower bounds for λ(A−1

0 M), and ǫk s.t. |1 − λk| ≤ ǫk, where A0 is given by k
steps of the Chebyshev semi-iteration (without scaling) for square Q1 elements (in 3D)

k Lower bound Upper bound ǫk
ǫk

ǫk−1

1 0.071428571428571 1.928571428571429 0.928571428571 —
2 0.242152466367712 1.757847533632288 0.757847533632 0.81614349
3 0.433470861268694 1.566529138731306 0.566529138731 0.74755028
4 0.597147975231673 1.402852024768327 0.402852024768 0.71108791
5 0.720776486124292 1.279223513875708 0.279223513875 0.69311681
6 0.808846507572246 1.191153492427754 0.191153492427 0.68458952
7 0.869897818711463 1.130102181288537 0.130102181288 0.68061629
8 0.911689150016541 1.088310849983459 0.088310849983 0.67878070
9 0.940130893927575 1.059869106072427 0.059869106072 0.67793601

10 0.959435805298037 1.040564194701956 0.040564194701 0.67754802
11 0.972523033141943 1.027476966858060 0.027476966858 0.67736995
12 0.981390172808929 1.018609827191073 0.018609827191 0.67728826
13 0.987396479797611 1.012603520202398 0.012603520202 0.67725079
14 0.991464472578415 1.008535527421550 0.008535527421 0.67723360
15 0.994219521276648 1.005780478723391 0.005780478723 0.67722572
16 0.996085332018970 1.003914667981061 0.003914667981 0.67722210
17 0.997348906791884 1.002651093208068 0.002651093208 0.67722044
18 0.998204627482791 1.001795372516598 0.001795372517 0.67721968
19 0.998784139008908 1.001215860991333 0.001215860991 0.67721933
20 0.999176595616630 1.000823404383702 0.000823404383 0.67721917

Now consider our application, where we have the system (9), coupled with the ‘ideal’
preconditioner

P =




M 0 0

0 βM 0

−K M −KM−1K


 .

Then, in this idealized case, applying the general results above we see that if λ is an eigenvalue
of the preconditioned system either λ = 1 or

(KM−1K)−1(KM−1K +
1

β
M)v = λv.

Corollary 3.3 in [10] gives us that, in the second case,

1

β
α1h

4 + 1 ≤ λ ≤
1

β
α2 + 1, (18)

where α1 and α2 are constants independent of h and independent of β. These constants depend
only on the discretization used, and are not large in general. For example, in 2D for Q1 square
elements the constants are α1 = 1/1296 and α2 = 1/4π2.

We have given the eigenvalue bounds for the ideal case, but in practice we will approximate
the Schur complement as K̃M−1K̃, where K̃ is an approximation to the stiffness matrix. To
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consider this effect, suppose that there exists a constant η such that ‖K̃−1K − I‖ ≤ η. Then,
using a duality argument from Braess and Peisker in the case of the biharmonic equation [37,
Section 4], we obtain that the generalized Rayleigh quotients satisfy

(1 − η)2 ≤
wT KT M−1Kw

wT K̃T M−1K̃w
≤ (1 + η)2 ∀ w. (19)

Thus, we can write

wT KM−1K + 1
β Mw

wT K̃M−1K̃w
=

wT KM−1K + 1
β Mw

wT KM−1Kw
·
wT KM−1Kw

wT K̃M−1K̃w
, (20)

and so eigenvalues of

(K̃M−1K̃)−1(KM−1K +
1

β
M) (21)

are bounded above and below by the product of the maximal and minimal values of the terms
on the right hand side of (20). Therefore, using (18) and (19), we have that these eigenvalues
lie in the interval [(1 − η)2, (1 + η)2( 1

β α2 + 1)].
We now leave the idealized case and return to the 2×2 block structure to consider the more

general case of (1) preconditioned by a lower block triangular preconditioner (10), where the
(1,1) block of the preconditioner is now some approximation to A. To obtain eigenvalue bounds
for the preconditioned system in this case we first consider the symmetric and positive-definite
block-diagonal preconditioner

PD =

[
A0 0

0 S0

]

and the generalized eigenvalue problem Au = λPu. Using v = P1/2u we get P
−1/2
D AP

−1/2
D v =

λP
−1/2
D PP

−1/2
D v where v is scaled such that ‖v‖ = 1. This gives rise to a new generalized

eigenvalue problem Ãv = λP̃v with

Ã ≡


 A

−1/2
0 AA

−1/2
0 A

−1/2
0 BT S

−1/2
0

S
−1/2
0 BA

−1/2
0 −S

−1/2
0 CS

−1/2
0


 ≡

[
Ã B̃T

B̃ −C̃

]

and

P̃ ≡

[
I 0

S
−1/2
0 BA

−1/2
0 −I

]
≡

[
I 0

B̃ −I

]
.

This eigenvalue problem can hence be reformulated as

Ãv1 + B̃T v2 = λv1 (22)

B̃v1 − C̃v2 = λB̃v1 − λv2. (23)

Recall that in our case C = 0 and hence the term C̃v2 will be equal to zero. Assuming now
that v2 = 0 yields Ãv1 = λv1 with λ an eigenvalue of the symmetric positive definite matrix
Ã if only (1 − λ)B̃v1 = 0. The case v1 = 0 implies that B̃T v2 = 0, but since B̃T is of full
rank v2 = 0. Thus, we assume that v1 6= 0 and v2 6= 0. If we multiply (22) on the left by the
conjugate transpose v∗1 , we obtain

v∗1Ãv1 + v∗1B̃T v2 = λv∗1v1 =⇒ v∗1B̃T v2 = λv∗1v1 − v∗1Ãv1. (24)

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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The conjugate transpose of (23) multiplied on the right by v2 gives

v∗1B̃T v2 = λ̄v∗1B̃T v2 − λ̄v∗2v2. (25)

Using (24) gives for (25)
(1 − λ̄)(λv∗1v1 − v∗1Ãv1), = −λ̄v∗2v2 (26)

which can be further rewritten

(λ − |λ|2) ‖v1‖
2 + (λ̄ − 1)v∗1Ãv1 + λ̄ ‖v2‖

2 = 0. (27)

We analyze (27) further knowing that λ is real, see (12), and under the assumption that

‖v‖ = 1 with ‖v2‖
2

= 1 − ‖v1‖
2

and get

(λ − λ2) ‖v1‖
2 + λv∗1Ãv1 + λ − λ ‖v1‖

2 − v∗1Ãv1 = 0. (28)

We then get for λ

λ± =
1 + v∗1Ãv1 ±

√
(1 + v∗1Ãv1)2 − 4 ‖v1‖

2
v∗1Ãv1

2 ‖v1‖
2 . (29)

We now want to find bounds for λ based on the eigenvalues of Ã. Note that v∗1Ãv1 > 0 for
all v1. Since Ã is a symmetric and positive definite matrix and ‖v1‖ , ‖v2‖ ≤ 1, we have the
following bounds:

µ̂Ã
min := v∗1v1µ

Ã
min ≤ v∗1Ãv1 ≤ µÃ

maxv∗1v1 =: µ̂Ã
max,

where µÃ
min and µÃ

max define the minimal and maximal eigenvalues of Ã respectively. Based

on the results presented in Section 3.1 we can find bounds for µ̂Ã
min : since Ã = A

−1/2
0 AA

−1/2
0

which has the same eigenvalues as A−1
0 A. Assuming that we use 10 steps of the Chebyshev

semi-iterative method for a Q1 element in 2D , we get that µÃ
min = µ

A−1
0 A

min = 0.9980/γ0 and

µÃ
max = µ

A−1
0 A

max = 1.0020/γ0 for A0 being scaled by γ0 so that H defines an inner product. In
order to be able to provide upper and lower bounds for the eigenvalues given by (29), ‖v1‖
has to be known or at least bounds for it. For a small example of dimension 147 × 147 the
eigenvalues of P−1A and ‖v1‖ are shown in Figure 1 where we observe that 0.9 < ‖v1‖ ≤ 1.
In practice, ‖v1‖ is typically not known and so these bounds are not of much practical use.

4. Block-diagonal preconditioners

The saddle point matrix (1) is typically symmetric and indefinite and one candidate to solve
such problems is minres introduced by Paige and Saunders in [2]. In order to be able to
apply minres to A we need a symmetric and positive definite preconditioner such as the
block diagonal preconditioner

P1 =

[
A0 0

0 S0

]
(30)

where A0 is a symmetric positive definite preconditioner for the left upper block of A and S0

is a preconditioner based on the Schur complement BA−1BT of A. Preconditioners of such a
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Figure 2. Eigenvalues of P−1A.

form are well studied when the underlying matrix comes from the finite element treatment of
a partial differential equation (see [9, 12, 38] for further details). These preconditioners were
also recently used by Rees et al. to solve systems arising in the context of PDE constrained
optimization (see [10]).

If we have a system of the form (9), then such a block diagonal preconditioner is the one
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considered in [10]:

PBD =




M 0 0

0 βM 0

0 0 KM−1KT


 . (31)

Here KM−1KT is taken to be the approximation to the Schur complement 1
β M +KM−1KT .

If the system is discretized using Q1 finite elements, as is the case here, then Rees et al. show
that if λ is an eigenvalue of the preconditioned system P−1

BDA then λ satisfies one of

λ = 1, (32)

1

2

(
1 +

√

5 +
2α1h4

β

)
≤ λ ≤

1

2

(
1 +

√
5 +

2α2

β

)
(33)

or
1

2

(
1 −

√
5 +

2α2

β

)
≤ λ ≤

1

2

(
1 −

√

5 +
2α1h4

β

)
, (34)

where α1, α2 are positive constants independent of the mesh size h and β, but which will
change depending on the discretization used – as in the previous section, α1 = 1/1296 and
α2 = 1/4π2 for the discretization considered here. More details can be found in [10].

To make this an effective preconditioner, further approximations to the blocks are made so
that a solve with PBD is cheaper. Therefore, the mass matrix is approximated by a certain
number of iterations of the Chebyshev semi-iterative method (see Section 3.1), and the Schur
complement by K̃M−1K̃T , where K̃ represents a fixed number of algebraic multigrid V-cycles
from the HSL package HSL MI20 [29]. This approximation will have a similar effect on the
bounds (32 - 34) as the corresponding approximation had in the previous section.

5. Numerical results

The problem

We illustrate our method using the following example, which is Example 5.1 in [10]. Let
Ω = [0, 1]m, where m = 2, 3, and consider the problem

min
y,u

1

2
||y − ȳ||2L2(Ω) +

β

2
||u||2L2(Ω)

s.t. −∇2y = u in Ω (35)

y = ȳ|∂Ω on ∂Ω (36)

where, in 2D,

ȳ =

{
(2x1 − 1)2(2x2 − 1)2 if (x1, x2) ∈ [0, 1

2 ]2

0 otherwise

and, in 3D,

ȳ =

{
(2x1 − 1)2(2x2 − 1)2(2x3 − 1)2 if (x1, x2, x3) ∈ [0, 1

2 ]3

0 otherwise

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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i.e. ȳ is bi- or tri-quadratic (depending on whether m = 2 or 3) with a peak of unit height at
the origin and is zero outside [0, 1

2 ]m. Note that we set f ≡ 0 here.
We discretize the problem using square Q1 finite elements, and in our preconditioner we

approximate M by 10 steps of the Chebyshev semi-iteration and K by one or two V-cycles of
the HSL package HSL MI20 [29] (via a Matlab interface). We choose γ = 0.9 as the scaling
parameter – this guarantees positive definiteness of H in (11). To get a fair comparison we use
the stopping criterion ‖rk‖2/‖r0‖2 ≤ tol for both methods, which is different to the norms in
which both methods naturally converge.
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Figure 3. Control for β = 1e − 2

Numerical Experiments

The numerical results shown in Tables III to X indicate that the Bramble-Pasciak cg

shows mesh-independent convergence when only one V-cycle of the AMG preconditioner is
applied. This is in contrast to minres for this problem which needs 2 V-cycles to show mesh
independence convergence behavior, even when using the correct norm as a convergence test
(see [10]). We note that in every case shown the Bramble-Pasciak cg had fewer iterations than
minres applied to the same problem. Recall, the cost of one step of the Bramble-Pasciak
cg and one step of the block diagonally preconditioned minres are essentially the same
concerning the number of applications of the preconditioners A0, A1 and S0. Additionally,
the Bramble-Pasciak cg requires the evaluation of the inner products with H which makes an
iteration step more expensive. This is one reason why the timings for minres and the Bramble-
Pasciak cg do not differ as much as the iteration numbers indicate. On the other hand, we
expect the timings to better reflect the difference between minres and the Bramble-Pasciak
cg when both methods are implemented in a low level language. At the moment the AMG
preconditioner relies on a fast FORTRAN implementation with the whole algorithm including
the matrix multiplication being implemented in MATLAB. A low level implementation of
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Figure 4. State for β = 1e − 2

both methods allows for problems of much larger dimensions to be solved in which case the
multiplication with the system matrix becomes increasingly expensive. This means the extra
iterations minres needs for convergence will effect the timings more significantly.

Bramble Pasciak MINRES

tol=1e-4 tol=1e-8 tol=1e-4 tol=1e-8
N its time its time its time its time

2 7 0.019 11 0.030 7 0.021 12 0.033
3 8 0.033 12 0.050 7 0.027 15 0.054
4 8 0.086 13 0.142 10 0.077 16 0.120
5 8 0.317 13 0.517 9 0.230 18 0.454
6 8 1.474 13 2.405 13 1.418 21 2.215
7 10 7.701 15 11.625 15 6.850 24 10.647
8 11 35.838 17 55.866 17 32.617 28 52.366
9 7 103.490 11 164.655 33 290.333 47 433.174

Table III. 2D, β = 1e − 2, 1 V-cycle (AMG),10 steps Chebyshev semi-iteration

6. Conclusions

In this paper we have shown that the Bramble-Pasciak cg is a method well suited for
problems from PDE constrained optimization. The drawback of parameter estimation to ensure
a positive definite non-standard inner product, typically identified with this method, can be
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Bramble Pasciak MINRES

tol=1e-4 tol=1e-8 tol=1e-4 tol=1e-8
N its time its time its time its time

2 8 0.022 11 0.031 7 0.020 12 0.033
3 8 0.034 11 0.048 7 0.027 13 0.048
4 7 0.077 11 0.122 7 0.057 13 0.100
5 7 0.283 11 0.463 7 0.187 13 0.328
6 8 1.503 11 2.076 7 0.833 14 1.562
7 8 6.304 11 8.701 9 4.440 15 7.064
8 8 27.045 11 37.042 9 19.079 16 32.393
9 7 103.490 11 164.655 16 152.681 23 214.146

Table IV. 2D, β = 1e − 2, 2 V-cycles (AMG),10 steps Chebyshev semi-iteration

Bramble Pasciak MINRES

tol=1e-4 tol=1e-8 tol=1e-4 tol=1e-8
N its time its time its time its time

2 14 0.039 20 0.056 16 0.043 22 0.058
3 15 0.064 22 0.094 20 0.071 30 0.104
4 15 0.164 22 0.241 20 0.145 31 0.222
5 15 0.608 22 0.935 20 0.473 32 0.776
6 15 2.766 22 4.067 22 2.270 32 3.290
7 15 11.634 23 18.007 24 10.525 34 14.771
8 16 52.771 24 79.295 26 48.917 36 67.096
9 17 252.251 26 389.925 45 396.867 61 565.242

Table V. 2D, β = 1e − 4, 1 V-cycle (AMG),10 steps Chebyshev semi-iteration

Bramble Pasciak MINRES

tol=1e-4 tol=1e-8 tol=1e-4 tol=1e-8
N its time its time its time its time

2 14 0.039 19 0.053 14 0.038 20 0.053
3 15 0.065 21 0.091 20 0.072 29 0.102
4 15 0.167 22 0.246 20 0.150 30 0.222
5 15 0.610 22 0.930 17 0.445 31 0.754
6 15 2.839 22 4.201 17 1.876 31 3.324
7 15 11.951 23 18.452 17 7.962 32 14.658
8 15 50.890 22 74.776 17 34.284 30 59.129
9 15 225.498 22 331.960 32 295.189 43 392.516

Table VI. 2D, β = 1e − 4, 2 V-cycles (AMG),10 steps Chebyshev semi-iteration
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Bramble Pasciak MINRES

tol=1e-4 tol=1e-8 tol=1e-4 tol=1e-8
N its time its time its time its time

2 7 0.028 12 0.049 11 0.039 17 0.059
3 8 0.288 13 0.467 12 0.269 20 0.442
4 8 3.707 13 6.034 14 4.018 22 6.189
5 9 41.697 14 65.251 18 52.926 26 75.285

Table VII. 3D, β = 1e − 2, 1 V-cycle (AMG),10 steps Chebyshev semi-iteration

Bramble Pasciak MINRES

tol=1e-4 tol=1e-8 tol=1e-4 tol=1e-8
N its time its time its time its time

2 7 0.029 11 0.046 11 0.041 14 0.050
3 8 0.281 13 0.459 12 0.275 18 0.403
4 8 3.908 13 6.407 12 3.851 18 5.628
5 8 39.808 13 65.122 14 47.045 20 66.080

Table VIII. 3D, β = 1e − 2, 2 V-cycles (AMG),10 steps Chebyshev semi-iteration

Bramble Pasciak MINRES

tol=1e-4 tol=1e-8 tol=1e-4 tol=1e-8
N its time its time its time its time

2 13 0.053 18 0.074 17 0.059 27 0.092
3 14 0.485 23 0.801 24 0.503 39 0.811
4 14 6.508 22 10.298 29 8.013 41 11.241
5 14 65.374 23 107.799 32 91.923 46 130.982

Table IX. 3D, β = 1e − 4, 1 V-cycle (AMG),10 steps Chebyshev semi-iteration

Bramble Pasciak MINRES

tol=1e-4 tol=1e-8 tol=1e-4 tol=1e-8
N its time its time its time its time

2 11 0.047 15 0.063 13 0.047 21 0.073
3 13 0.462 21 0.754 23 0.501 35 0.753
4 14 6.904 21 10.400 25 7.700 39 11.879
5 14 70.171 22 110.956 27 87.958 44 141.832

Table X. 3D, β = 1e − 4, 2 V-cycles (AMG),10 steps Chebyshev semi-iteration
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Figure 5. Iterations for convergence for different β

easily overcome when the Chebyshev semi-iteration is used as the preconditioners can be scaled
very cheaply based on simple a priori calculations. We have shown an eigenvalue analysis
for an idealized case as well as for a general setup. The competitiveness of the Bramble-
Pasciak cg is illustrated by the numerical results where we show that this method also
gives mesh independence for only one V-cycle of the AMG Schur complement preconditioner.
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