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Abstract

Our aim in this work is to produceequationsfor curvesof gerus 2 whoseJacobians
have real multiplication (RM) by Q(p 5), and to examinethe conjecture that any
abelian surfacewith RM by Q(p 5) is isogenoudo a simple factor of the Jacobianof
a modular curve Xo(N) for someN .

To this end, we review previouswork in this area, and are able to usea criterion
dueto Humbert in the last certury to producea family of curvesof gerus 2 with RM
by Q(IO 5) which parametrizessud curveswhich have a rational Weierstrasspoint.

We proceedto give a calculation of the "-adic represemations arising from abelian
surfaceswith RM, and usea special caseof this to determinea criterion for the eld
of de nition of RM by Q(ID 5). We examinewhen a given polarized abelian surfaceA
de ned overanumber eld k with anactionofanorderR in areal eld F, alsode ned
over k, can be made principally polarized after k-isogety, and prove, in particular,
that this is possiblewhenthe conductor of R is odd and coprimeto the degreeof the
given polarization.

We then give an explicit description of the moduli spaceof curvesof gerus 2 with
real multiplication by Q(p 5). From this description, we are able to generatea fund

of equationsfor thesecurves,employing a method due to Mestre.
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Chapter 1

Intro duction

1.1 Motiv ation

This thesisis concernedwith curvesof gerus 2 with real multiplication, and especially
those with real multiplication by Q(IO 5). Exact de nitions are given in chapter 2,
but for now let us note that these arise naturally when one considersthe factors
of the JacobianJg(N) of the modular curve Xo(N) classifyingpairs of N -isogenous
elliptic curves. Indeed, Shimura's construction of an abelian variety correspnding to
a cuspform of weight 2 givesan abelian variety with real multiplication by the eld
generatedby the Fourier coe cien ts of the form (see[Shi71,chapter 7]). More than
this, we are motivated by the following conjecture;note that we shall call an abelian

variety A=Q modular if A is Q-isogenoudo a factor of Jo(N) for someN.

Conjecture 1.1.1 Every simpleatelian variety A=Q with real multiplication de ned

over Q is modular.

The value of N for which we expect that A is isogenougto a factor of Jo(N) is
related to the Artin conductor of the "-adic represetations of the absolute Galois
group of Q on the Tate modulesof the abelian variety A|w e say more about this in
section2.8.

It is worth noting that we deliberately state this conjecturein a strongform, in the

sensethat we do not refer to any polarization on the abelian variety A. Indeedit is
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Chapter 1. Introduction 4

fairer to say that our work is motivated by the possiblyweaker conjecturethat every
abelian variety over Q which hasreal multiplication and a principal polarization both
de ned over Q is modular. This wealker form of the conjecture extendsimmediately
to all polarizedabelian varietiesover Q with real multiplication de ned over Q which
becomeprincipally polarizedafter Q-isogety. But it is not clearwhetherthis includes
all polarized abelian varieties.

In general,hardly any of conjecturel.1.1hasbeenproven. In the casethat A isan
elliptic curve, howewer, the last few yearshave seenremarkable progressthrough the
work of Wiles [Wil95], as completedby Taylor and Wiles [TW95], and extendedby
Diamond [Dia96]: but for a few technical conditions, (1.1.1) is a theoremfor elliptic
curves. (We should note that conjecture 1.1.1for elliptic curvesis generally known
asthe Shimura{T aniyama Conjecture.) Conjecture 1.1.1hasalsobeenaddressedin
a slightly di erent form) by Ribet [Rib92], who has shavn that (1.1.1) would follow
from Serre'sconjectureon mod p Galois represemations (see[Ser87).

We consider the 2-dimensionalcase: abelian surfaceswith real multiplication.
Wiles' approad is via the "-adic Galoisrepresemations assaiated with elliptic curves;
these are 2-dimensional,and are already di cult to get to grips with. Passingto
abelian surfacesgivesus 4-dimensionalGalois represemations, and there seemdittle
hope of understandingtheseat presen. Howewer, the presenceof a real multiplication
chops the size of these represemations down again (as we shall seein chapter 4).
Indeed, Taylor and Shepherd-Barron[SBT97, Theorem 4.2] have extended Wiles'

result to give the following.

Theorem 1.1.2 Supmsethat A=Q is an alelian surfaee, :A! A- is a principal
polarization andi:Z Z(1+ P 5) | End(A) is an emltedding, all de ned over Q and
such that i(a) = i(a)- for all a. Suppse moreover that A has semi-stable
reduction at 3 and 5 and that the representationof G,z on the P 5-division points
of A is irreducible. Then A is madular.

It is worth remarking that the conditions on the reduction at 3 and 5 follow from

the method of proof which appliesDiamond'sresults[Dia96], but that the existenceof

1.1. Motivation



Chapter 1. Introduction 5

a principal polarization seemsareal restriction. (Comparewith our remarksfollowing
conjecturel1.1.1.)

We can actually get hold of principally polarized abelian surfacesbecausethey
are the Jacobiansof curvesof gerus 2 (seesection 2.4) and, further, we can obtain
exampleswith real multiplication by Q(IO 5) becauseof a rather beautiful criterion
obtained by Humbert in the last certury [Hum99 (seechapter 3). Indeed someof

our motivation hasbeento re-discover someof this underlying classicalgeometry

With all this in mind, we focusmainly on curvesof gerus 2 with real multiplication
by Q(p 5), and our principal aim is to produce a fund of examplesof these. This,
amongother things, providesa fund of icosahedralrepresemations of G (seechapter
4).

There is onesubtle point herewhich it is worth making explicit at an early stage.
We start from equationsfor curvesof gerus 2 and take their Jacobiansasour examples
of abelian surfaces.Thesesurfacesare canonically principally polarized (seechapter
2). Now the Shimura factors of Jo(N) have a natural polarization on them, too, but
this neednot be principal. Thus we can only hope to cover those factors of Jo(N)
which can be made principally polarized after an isogery over Q.

Now it is well known that any polarizedabelian variety over an algebraicallyclosed
eld is isogenoudo a principally polarized abelian variety, but the sameneednot be
true over non-algebraicallyclosed elds (see[Mil86a, Remark 16.14]). Howeer, to
be more positive, we do have that the extra structure given by the presenceof a real
multiplication allows us to make the Shimura factors principally polarized most of

the time (seechapter 4).

1.2 Outline

In the remainder of this chapter we o er a brief outline of the rest of this thesis,and
give a short (but important) remark on notation.
In chapter 2 we review the theory underlying curvesof gerus 2 and abelian sur-

faces,including the link betweenthem, and someinformation about reduction modulo

1.2. Outline



Chapter 1. Introduction 6

primes. We review somefacts about the endomorphismstructure of abelian surfaces,
and nish with an accoun of Poncelet'stheorem, a classicalresult in plane projective
geometry of which we make uselater.

In chapter 3 we restrict our attention to curveswith real multiplication by Q(p 5),
and review Humbert's criterion in more modern language. We then usethis to de-
termine an explicit description of a given real multiplication by Q(IO 5), to establish
a criterion for the eld of de nition of a real multiplication by Q(p 5), and to pro-
duce a family of curveswith real multiplication by Q(p 5). This family of curves
parametrizessud curvesde ned over Q which have a rational Weierstrasspoint. Ex-
amplesof families of curvesof gerus 2 with real multiplication by Q(IO 5) already exist
in the literature|see [Mes914 and [Bru95, equation 6.2] (there is alsoa brief report
of Brumer's work in [CF96, chapter 15]). We note that both of these constructions
are indirect, unlike ours.

In chapter 4 we return to the more generalcase,and examinethe "-adic Galois
represemations assaiated with abelian varieties with real multiplication, and more
particularly to abelian surfaceswith real multiplication. We alsoconsiderthe question
of when a polarized abelian surfacewith real multiplication is isogenous(over the
ground eld) to a principally polarized abelian surface.

In chapter 5 we descrike the moduli spacesof principally polarized abelian sur-
faces,and of principally polarizedabelian surfaceswith real multiplication by Q(p 5).
We discussthe questionof \de nition overk" for the variousparts of the moduli prob-
lem, which leadsus on to chapter 6, wherewe descrile a construction due to Mestre
[Mes91h to produceequationsfor curvesof gerus 2 from their moduli, and then use
this to calculate various examples. We also o er a brief diversionto discussequa-
tions for curveswith nortrivial automorphismsand real multiplication by Q(IO 5). A
necessarypart of the method on chapter 6 for producing equationsis to be able to
nd points on conicsde ned over Q, and so we discusssomeof the practical details
involved in this.

We nish with an appendix giving various tables and remarkson the results con-
tained in them.

1.2. Outline
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1.3 A remark about notation

Notation, wherenot de ned explicitly, is standard (for example,we usethe traditional
symbolsQ, Z and R to denotethe rational numbers,integersand real numbers). Note
that we usek to denotethe algebraicclosureof a number eld k, and Gy to denote
the absolute Galois group Gal(k=k) of k. Also, the letter only ever denotesthe
quartity (1 + P 5) (sothat Z[ ] is the ring of integersof Q(p 5)).

1.3. A remark about notation



Chapter 2

Background material

2.1 Generalities on curv es of genus 2

We begin by discussingsomeof the theory relating to curves of gerus 2, assuming
many of the basicnotions but alsotrying to state explicitly those properties we shall
uselater in this thesis.

Let C beacurveofgerus2overa eld k. (Wedo not assumehat k is algebraically
closed.) Then, aswe can calculate from the Riemann{Roch theorem[Har77, 1V.1.3],
the canonicallinear system on C hasdegree2 and dimensionl. But for any curve
of gerus greaterthan 1 the canonicallinear systemhasno basepoints [Har77, 1V.5.1],
sowe then havethat de nes a 2-1 morphismC ! P! over the algebraicclosurek,
the canonical morphism A curve which admits sud a morphismand which hasgerus
greaterthan 1is calleda hyperelliptic curve. Any hyperelliptic curve carriesa natural
involution, called the hyperelliptic involution, which interchangesthe branchesof the
map to P!. The canonicallinear systemon a curve C of gerus 2 is the unique linear
system of dimension1 and degree2 [Har77, IV.5.3], and so any two double covers
C ! P! dier only by an automorphism of P!, sincethey dier only by choosing
di erent basesfor

For any 2-1map C ! P! we can usethe Hurwitz gerus formula [Har77, 1V.2.4]
to calculatethat there are preciselysix branch points, save in characteristic 2.

Now, in fact, has a basis of elemens eah de ned over k (not just k) as a

8



Chapter 2. Badkground material 9

consequencef the following lemma [Sil86, 11.5.8.1].

Lemma 2.1.1 LetV be ak-vector space with a continuous Gy -action compatible with

the Gy-action on k. Then V hasa k-basiswhichis xed elementwiseby Gy.

Hencewe can chooseour canonicalmorphism C ! P! to be a map de ned over Kk,
not just k.

Thinking concretely this givesus an a ne equationfor C of the shape

y?+ g(x)y = h(x); (2.1)

where g and h are polynomials over k. In all characteristics other than 2, we can

completethe squareand obtain an equation

y? = f(x); (2.2)

with f (x) = 4h(x) + g(x)2. The map C ! P! is then essetially projection onto the
x-coordinate, and the hyperelliptic involution changesthe sign of the y-coordinate.
Notice that we must have degf equalto 5 or 6, asa consequencef Hurwitz's formula.
When k hasmorethan 5 elemerts then we may make a coordinate transformation of

the form
) y
x a(x a)sd

(x;y) 7!

and produce a new equation (2.2) with the degreeof f equalto 6. (There are a few
curvesin small characteristic where this is not possible,for examplethe curve over
Fs given by

y = x(x  1(x 2)(x 3)(x 4

sincethen there is no suitable choicefor a.)

Supposefor the momert that the characteristic of k is not 2. If wetry to complete
the curve given by an equationasin (2.2) in a nave manner, then we end up with
a singular curve: there is a point of multiplicity (degf  2) at innit y. We can
desingularizethis by repeatedblowing up (see[Har77, Proposition V.3.8]) and if we

calculatethe gerus of the resulting curve by the formula in [Har77, ExampleV.3.9.2],

2.1. Generalitieson curvesof gerus 2
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we do indeedobtain a curve of gerus 2. A rather prettier way to proceedis presered
in [CF96, chapter 1]. Wereplacethe mapC! PlbyamapC! X, whereX isthe
image of the 3-uple embedding P! | P2 to obtain a model of the form

XoX2 = X35 XoX3 = X1X2; X1X3 = X3;

X3 = fox3+ fixoXy + foxX3 + faXaXo + f4x3 + foxoXs + fex3:

in P*. This is clearly birational to the original curve but neatly replacesthe singular
point at in nit y with two nonsingular points when degf = 6, and with one nonsin-
gular point whendegf = 5. As an alternative approad), one can completethe curve
by gluing it to its image under a rational map which movesthe point at in nit y. In
terms of equations,we usethe rational map

Y

(x;y) 7! v

X| P

and producethe set of equations
y2=f(x); xX = 1, x3¥ = 1; andY? = F(X);

whereF (x) = x®f (1=x).

(As an aside,note that we cannewer nd anonsingularmodel for a curve of gerus
2 asa completeintersection becausethe canonicalmap is not an enbedding [Har77,
ExerciselV.3.3].)

An important remark about equationsof the form (2.2) for a curve C of gerus 2

is that f on the right-hand sideis determinedup to fractional linear transformations

!
a b

ax+ b ; for 2 GLy(k):
c d

| 6
f(x) 7! (cx+ d)°f v

(This follows from the remark earlier that the canonicalmorphism is de ned up to
an automorphism of P1.) As a result of this, we often think of C as being given, at
least up to isomorphism,by the six branch points of C ! P?, that is, the roots of f
alongwith 1 in the casethat f hasdegree5. The points of C above thesebranch

points are called the Weierstrass points.

2.1. Generalitieson curvesof gerus 2
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Now we turn to the questionof whenan equation of the shape (2.1) or (2.2) gives
a singular curve (with the aforemenioned caveat about the point(s) at in nit y). It
is easyto calculate that in characteristics other than 2, this occurs exactly when
f (x) = 4h(x) + g(x)? hasarepeatedroot (in k). In characteristic 2, things are a little
di erent: in generalwe do not have an equation of shape (2.2), but only of the shape
(2.1) and in this casewe nd that the ane curveis singularif and only if g(x) and

t(x) := hqx)? + g{x)?h(x) have a commonroot (in k).

Finally for this section,we discusswhen an equation (2.1) givesa curve of gerus
2. We do this by applying Hurwitz's gerus formula to the canonicalmap , which
can be thought of asprojection onto the x-coordinate in (2.1). Note that this map is
separablevhene\er the characteristicof k is not 2, that it is separablen characteristic
2wheng is nonzeroandis purely inseparableotherwise. Sincegerusis invariant under
purely inseparablemaps[Har77, Proposition IV.2.5], we rst requirethat chark 6 2
or that g6 0.

In theseremaining caseswe can apply Hurwitz's formula. When chark 6 2, the
map is tamely rami ed, and branches above the roots of f (x) = 4h(x) + g(x)2.
In nit y is alsoa branch point preciselywhendegf is odd. The rami cation index at
ead rami cation point is 2, and hencethe curve hasgerus 2 exactly whendegf is 5
or 6.

When chark = 2, the map branchesat the roots of g, and at in nit y when
degh) > 2dedgg), and is wildly rami ed at ead rami cation point. We can di er-

ertiate the equation (2.1) with respect to x to determinethat

dy _ hYx)+ 9°(><)y:

dx a(x)

It followsthat dy=dx hasa double pole at eat root of g. To examinethe behaviour
at in nit y, we choosefor local parametersat in nit y x; = 1=x on P* and y; = y=x3
on the curve. Then, in a similar fashion, dy,=dx, hasa pole at x; = y; = 0 if and
only if degh) > 2dedg), and then the order of this poleis 2(r degg) wherer is
the smallestinteger no lessthan degh)=2. Substituting this into Hurwitz's gerus

formula, one determinesthat the curve has gerus 2 exactly when the larger of degg

2.1. Generalitieson curvesof gerus 2
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andr is 3 (the sameanswer asin other characteristics).

2.2 The Jacobian of a curv e of genus 2

An important object for the study of the arithmetic of a curve C is the Jambian
Jac(C). For athorough accour (which we do not hope to reproducein all its gener-
ality) of the theory of Jacobiansone might look at [Mil86b]. We aim now to presen
the properties that we need.

The rst point is that Jac(C) is an abelian variety of dimensionequalto the gerus
of C. It givesgeometricstructure to the group Pic®(C) of divisors of degreed modulo
linear equivalence,in the sensethat Pic®(Cyo) is isomorphicto Jac(C)(k9 for eah
extensionk®k sud that C(k9 6 ;.

When C has a k-point P, say, we candene amap fP:C(k) ! Jac(C)(k) by
mapping ead point Q to the classof the divisor Q P (and identifying Pic®(C) and
Jac(C)(k)). Then Jac(C) satis es the following universal property [Mil86b, Proposi-
tion 6.1].

Prop osition 2.2.1 Supmsethat A is an akelian variety overk andthat' :C! A
is a map suchthat ' (P) = 0. Then there is a unigue homomorphism :Jac(C)! A

suchthat ' = fP.

In general,C neednot have ak-point. But therewill be someGaloisextensionk =k
sudh that C(k9 6 ;; givenP 2 C(k9 wecandene amapF:Cw Cyo! Jac(C)yo
by (Py;P,) 7! fP(Py) fP(P,). The mapF isindepender of the choiceof the point
P and sois de ned over k. Notice alsothat it is zeroon the diagonal. Then we also

have the following universal property.

Prop osition 2.2.2 Let A be an atelian variety overk and' :C C ! A a map
whichis zem on the diagonal. Then there is a unigue homomorphism :Jac(C)! A
suchthat' = F.

In our case,the gerus of C is 2, soJac(C) is an abelian surface. Further, it is

naturally principally polarized, and by an image of C [Mil86b, Theorem 6.6]. We

2.2. The Jacobianof a curve of gerus 2
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shall seein section2.4 that any principally polarized abelian surfacewhich is not a

product is necessarilya Jacobian.

To be able to look at Jac(C) in a more concreteway, we recall that it is closely
linked to the symmetric squareC® . The canonicalclasson C is of degree2, and so
addition of this classin Pic(C) givesan identi cation betweenPic®(C) and Pic?(C).
Of coursethere is a natural surjection C® (k) Pic*(Cy): simply sendthe pair
f P1; P,g to the classof the divisor P; + P,. Sowe can view Jac(C) as somesort of
quotient of C@,

We can be more preciseabout this. Let i denotethe hyperelliptic involution on
C. Then, given any point P 2 C(k) the canonical morphism sendsP and i(P) to
the samepoint, sothe divisor P + i(P) must lie in the canonicalclass. Now suppose
that D is any divisor on C of degree2 and that K is somecanonicaldivisor. Then
(K D) hasdegreeQ, sois linearly equivalert to an e ectiv e divisor exactly whenit
is equivalent to the empty divisor, that iswhenK  D. For any divisor D of degree2
which is not in the canonicalclass,then, the Riemann{Roch theoremtells us that D
is linearly equivalert to preciselyonee ectiv e divisor. This allows usto identify eat
elemen of Pic?(C) other than the canonicalclasswith its unique e ectiv e elemer.

As a result, we can descrite Jac(C) asthe symmetric squareC® with the line
formed of pairs f P;i(P)g blown down. If we are givenan equationfor C in the shape
(2.2), then we can chooseour canonicaldivisorto be (1 *+ 1 ), wherel arethe
points of a desingularizedmodel for C which lie above the point at in nit y on (2.2).
Soewery point of Jac(C) is represeted by a divisor of the form (P, +P, 1 * 1 ),
and this form is unique exceptwhen Py = i(P,).

We also have that when we want to de ne a map of the Jacobian (as we shall
do in chapter 3) it will be enoughto de ne a map of the symmetric squarewhich

comnutes with the hyperelliptic involution.

Even more explicitly than all this, E.V. Flynn has determined equationsfor an
embedding into P'® of the Jacobian of a curve of gerus 2 [CF96, Chapter2]. These

equationsare fairly complicated, and so we have not made much use of them here,

2.2. The Jacobianof a curve of gerus 2
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but seeproposition 3.3.1for an application.

2.3 Remarks about moduli spaces

Sincemuch of what follows in this thesisis concernedwith moduli problems,we o er
a brief discussionof someof the generalitiesconcerningthese. The discussionthat
follows is heavily in uenced by [Che96 x1.2], and by the accourt in [Cha86, x1] for
the theory of the moduli of abelian varieties.

Let A be the set of pairs X=S, where X is an object of the type to be classi ed
over the stheme S. Suppose further that A is closedunder base extension. We
are being deliberately vague here;to clarify matters we give a few examples. First,
considerthe problem of classifyingprincipally polarized abelian surfaceswith a level
2 structure (the precisede nition of what we mean by this is given in section5.1).
Then we shouldlet the objects X=S betriples (A=S; ; ) formedof an abelianstheme
A=S of relative dimension2, a principal polarization on A and a level 2 structure
The mapsbetweentheseobjects are the obvious ones. We also considerthe problem
of classifyingcurvesof gerus 2 up to isomorphism. Here X =S would be an S-stheme
of relative dimension1 and gerus 2; again the maps are the obvious ones.

Now let M be the contravariant functor from schemesto setsgiven by
M (S) = f S-isomorphismclassesf (X=S) 2 A g:

We wish to represem M by a schemeM if at all possible,so that S-points of M

correspnd exactly to S-isomorphismclasseof (X=S) 2 A .

De nition  2.3.1 The schemeM is a ne moduli space(for our moduli problem)if
M representsthe functor M . The universalfamily X =M is thenthe object asseiated
with the identity of M (M) = Homgs(M; M).

Clearly a ne moduli spaceis unique up to isomorphismif it exists. Also, the
universal family does the job one expects: the isomorphism of functors M ( ) =

Hom( ;M) givesus that for any (X=S) 2 A there is a unique map of sthemes

2.3. Remarksabout moduli spaces
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:S!1 M sud that X=Sis the pullback along of X =M. This givesusthe rst clue
why ne moduli spacesdo not, in general,exist: if X=S hasnontrivial automorphisms
then the map will no longer be unique. We can, howeer, still hope in many cases

for a near approximation.

De nition  2.3.2 The schemeM is a coarsemoduli spaceif there is a natural trans-
formation of functors :M ( ) ! Hom( ;M) and if the pair (M; ) is universal
among pairs (M% 9 of a schemeM? and a natural transformation %M ( ) !
Hom( ;M9 with the property that ©is bijective on algebrically-closal elds.

Soa coarsemoduli spaceis alsounique up to isomorphismif it exists, and repre-
serts M \geometrically." Naturally enough,a ne moduli spaceis a coarsemoduli
space.

Now let k be a number eld and k its algebraicclosure. If M is a ne moduli
spacethen it is immediate from the de nition that k-points of M correspnd to k-
isomorphismclassesf objects (X=Speck) 2 A . For a coarsemoduli spacethis need
not hold: an object X=Speck still givesriseto a k-point of M (via ) but a k-point
of M neednot be assaiated with any object over k.

Supposethat we have an object X=Speck and an automorphism 2 Gal(k=k).
We de ne X=Speck to be the pullback alongthe induced map Speck ! Speck of
X=Speck. Now we have a commutativ e diagram

M (Speck) —— Hom(Speck; M)
? L
M (Speck) —— Hom(Speck; M)

and soif X=Speck is assaiated with x 2 M(Speck) then X=Speck is assiated

with  X.

2.3. Remarksabout moduli spaces
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We also have a comnutativ e diagram

M (Speck) ——— Hom(Speck; M)
? L
M (Speck) —— Hom(Speck; M)

with the lower horizontal arrow beinga bijection, soto any x 2 M (k) we cancertainly
assaiate a k-isomorphismclass. But further, for ead X=Speck in this classand for
eady 2 Gal(k=K), we must havethat X=Speck is isomorphicto X =Speck sinceit,

too, will be assaiated with the point x = x.

Thus we have that the k-points of a coarsemoduli spaceM correspnd to the
k-isomorphism classeswhich cortain an object X=Speck sud that X=Speck is
isomorphicto X=Speck for eahr 2 Gy.

If we further assumethat X=Speck has no nontrivial automorphismsthen for
eady 2 Gy there will be a unique isomorphism ( ): X=Speck ! X=Speck, and
then satis es the cocycleidertit y

()= ) ()

One generally tries to make sure that the objects of A have enough structure
that, at least generically they have no nontrivial automorphisms. If no object of A
has nontrivial automorphismsthen we call the moduli problemrigid .

Our principal motivation is to study the moduli spaceof curvesof gerus 2. A
fundamenal problem hereis that the moduli problem s not rigid, and sothere is at
besta coarsemoduli space.Howeer, in this casewe canview asa 1-cccyclevalued
in Aut( P'=k) = PGL,(k). Then X=Speck hasa model over k, that is to say it is the
pullback of someX=Speck exactly when is a 1-coboundary. But we return to this

point in detail in chapter 5, and sodo not discussit further here.

2.3. Remarksabout moduli spaces
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2.4 A classi cation of abelian surfaces

If E; and E, are elliptic curves,then E; E; is an abelian surfacewith canonical
polarization given by the divisor (E; f0g) + (fOg E;). If C is a curve of gerus 2,
then JaqC) is an abelian surfacewith canonicalpolarization given by animageof C
on Jac(C). We now prove that, up to isomorphism,theseare the only examplesof
principally polarized abelian surfaces. (The proof we give is basically an annotated
versionof that in [Gon94 xx4.10{4.13];the result is due to Weil [Wei57).

First, we prove the following lemma.

Lemma 2.4.1 For any e ective divisor D on an akelian surface A, the arithmetic
genusis given by
1
pa(D) = 5(D?) +

Pro of The Riemann{Roch theorem for A [Mum70, x16] statesthat (L (D)) =
2(D?), where isthe Euler characteristic,andL (D) is the invertible sheafasseiated
with D.

Further, we have a short exact sequence
0! Op! L(D)! L(D) Op! 0

becauseof [Har77, 11.6.18] after tensoringwith L (D), and the Euler characteristic is

additive on short exact sequencesso
(L (D))= (Oa)+ (L (D) Op):

But now [Mum70, x13, page129]givesh®(A; On) = h?(A; Ox) = 1,h}(A; Ox) = 2
and h'(A; Op) = Ofori > 2,andso (Op) = 0.
The Riemann{Roch theoremfor curves[Har77, 1V.1.3] appliedto D gives

(L (D) Op)=deg(L (D) Op)+1 pa(D)= D? +1 ps(D);

sothe result follows. 2

2.4. A classi cation of abelian surfaces
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Theorem 2.4.2 Let A be a principally polarized alelian surface de ned over an al-
gebamically closal eld k. Then A is isomorphicover k to (exactly) one of Jac(C) for

a curve C of genus2 and a product E;  E, of elliptic curves.

Pro of Let D be an ample e ectiv e divisor on A giving the polarization. Then from
[Mum70, x16], we deducethat (L (D)) = 1, (D?) = 2 and p.(D) = 2.

First supposethat D isirreducible. (D?) = 2, which is squarefreeand soD is also
reduced. Let C be the normalization of D, sowe haveamapC ! A. The curve C
cannot be rational (there are no non-constamt mapsfrom rational varietiesto abelian
varieties [Mil86a, corollary 3.9]); supposeC is elliptic. Thenthe mapC ! A'is, up
to translation, a homomorphism,and so the image, namely D, is nonsingularwhich
implies that p,(D) = pa(C) = 1, a cortradiction. HenceC must be a curve of gerus
2.

ThemapC! A inducesamap :Jac(C)! A sudrthat (C)= D. OnJac(C)
we have (C?) = 2 (asfor D on A), but wealsohavethat ( (D) C)= (D (C)) =
(D?) = 2. If deg ) > 1then (D)= C+ C%for somenonzerodivisor C° and thus
( (D) C)=(C?+ (C° C)> 2sinceC is ampleon JagC). Hence :JaqC) ! A
as principally polarized abelian surfaces.

Now supposethat D is reducible. D is ample,so(D D9 > 0 for any e ective
divisor D% on A; hence(D?) = 2 forcesD = D; + D,, wherethe D; are reduced
and irreducible, and (D?) = 0, (D; Dj) = 1. That is, D is the union of two curves
of arithmetic gerus 1 which meetin one point. Let C; be the normalization of Dj
(i=12).

Again, C; and C, cannotberational, somust be elliptic. Thenthe mapsC;;C, !

A giverisetoamap :C; C,! A of abeliansurfacessuch that (C; f0g) = D,

and (fOg C,) = D,. But now we can calculate as beforethat deq ) = 1. 2

2.4. A classi cation of abelian surfaces
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2.5 Endomorphism structure of an abelian surface

Let (A; ) be a polarized abelian surfacede ned over a number eld k, and write
End’(A) := End(A) Q. Let 2 End(A). Then inducesan endomorphism
- 2 End(A-) by functoriality; - acts on geometricpoints by taking the preimage:
-(D)= D.
The Rosati involution on End°(A) assaiated with the polarization is de ned

by

y. 70 -

where °2 Hom(A-;A) Qs aninversefor 2 Hom(A;A-). This is a positive
involution, that is, the trace of Y is always positive. (See,for example, [Mil86a,
Theorem17.3].)

Notice that y presenesthe subalgebraEnd?(A) of endomorphismsde ned over k.

Shimura [Shi63 classi esthe possibilitiesfor End°(A). Supposethat A is geomet-
rically simple. Then (with referenceto xx1,4 of [Shi63), End°(A) must be one of the

following:
(@ Q;
(b) atotally real quadratic eld F=Q;
(c) atotally inde nite quaternion algebraB=0Q;
(d) aquartic CM eld K=0Q.

We note that End°(A) = End®°(B) whenA and B are isogenousabelian varieties.
A4

Also, if A = A, wherethe A; are simple abelian varietieswhich are not isogenous,
i=1

M
then End®(A) = M, End’(A) .
i=1
If an abelian variety A admits an embeddingF ! End°(A) for atotally real eld
F, we shall say that A hasreal multiplication by F. If further End(A) cortains the

maximal order of F then we shall say A has maximal real multiplication by F.

2.5. Endomorphismstructure of an abelian surface
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We shall alsousethe terms quaternionic multiplication and complexmultiplication
analogously and may abbreviate thesethree terms to RM, QM and CM from time

to time.

One also knows the possibilities for the automorphism group of a curve of gerus
2, the classi cation being due to Bolza [Bol88]. A curve C of gerus 2 always carriesa
hyperelliptic involution; the reduced automorphismgroup Aut( C)"¢ is the automor-
phism group modulo the hyperelliptic involution. This then enbedsin Aut(P?!) via
the canonicalmap C ! P!, andis nite. Sincethe nite subgroupsof PSL,(C) are
known, this leavesus in good shape to proceedto a classi cation of Aut(C)"d.

The reducedautomorphism group is generically trivial; Bolza's classi cation of
those caseswhere Aut(C)™¢ is nontrivial is as follows. The secondcolumn gives
a binary sextic form f (x1;X;) sud that if C is a curve of the relevant type then

y? = f (x; 1) givesana ne equationfor C, for somechoiceof the parameters ; 2 k.

Type f (X1;X2) Aut( C)red
I [ xS+ xix3+ x3x3+ x§ C,
Il X1(X3 + X3) Cs
I | XaXo(XT+  X2X3 + X3) D,
\Y, x8+ x3x3+ x5 Ds
\% x§ + x§ D12
VI X1X2(X] + X3) S,

It is possibleto rewrite this, dividing into only two cases,the rst being when
Aut (C)™? cortains an involution and the secondbeing casell as above; cases and

[1I{VI are then specializationsof this new rst case.

Fix a point P 2 C(k) andlet f?:C ! J bethe map de ned in section2.2. We
shall de ne an embeddingAut(C) ! End(J):u 7! &. For eath u 2 Aut(C), let u be
the endomorphismof J which ts in the following diagram. Then u is unique and well-

de ned by proposition 2.2.1, and one may readily ched that u 7! & is independen

2.5. Endomorphismstructure of an abelian surface
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of the choiceof P. P
C —J
u E
? ;
— J

fu(P

Now we can seethat when C is of type Il, then J hasCM by Q( 5), where 5 is
a primitiv e 5th root of 1, and in particular that J is simple. For type | and types
[1I{V], on the other hand, the group structure implies that End(J) is not a division
ring, sinceAut( C) cortains more than two squareroots of 1. Hence,in thesecases,
J must be isogenoudo the product of two elliptic curves. This is alsoclear from the
equationsin the table above, sinceonecan quotient C by oneof the extra involutions
and obtain a nonconstar map onto an elliptic curve E; an application of proposition
2.2.1shaws that this extendsto a surjectionJ ! E.

Further, we can determine the e ect of the canonical Rosati involution on the
image of Aut(C) in End(J).

Lemma 2.5.1 Letu2 Aut(C). Thenw = & L.

Pro of Let P 2 C(k) bea xed point for u. Then let D be the imageoffP:C! J.

Then the canonicalprincipal polarization on J is
"p:a’! [t,D DJ;

wheret,:J ! J is translation by a.

Then we can calculate

= 'pra’7l[g#t,D wD]=[at,D D]

and'p & ':a7'[t, ,D DI

Bute t,.,D =t, (D)) =t,D,s0'p &=t 'p. 2

(a)
Given a curve C with RM by a real quadratic eld F, we shall often make the
hypothesisthat the action of F is xed by the Rosati involution. At rst sight, one

might supposethat this is always true becauseof the following well-known result.

2.5. Endomorphismstructure of an abelian surface
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Lemma 2.5.2 LetF be atotally real numker eld, andlety be a positive involution

on F. Theny is the identity.

Proof Let 2 F, and consider = Y. We havethat Y= , and so
06 Treso( ¥Y) = Tre=q( %) 6 0;

using that y is positive and that F is totally real. Thus = O;that is, = V. 2

The reasonwe may not be able to apply this result is that the endomorphism
algebraof Jac(C) may cortain more than one copy of F, thesebeing permuted by
the Rosati involution.

In fact, we often also assumethat \everything in sight" is de ned over k, and
moreover are most interestedin the casek = Q. A sensiblehypothesis,which would
ensurethat the RM by F is xed by the Rosati involution, is to assumethat the
part of the endomorphismalgebrade ned over k is exactly equalto F; under this
hypothesis,the Rosatiinvolution would preseneF sinceit must presenethe property
of de nition over k. Indeed,whenk = Q and we take the abelian surfaceA to be a
Shimura factor assa@iated with a modular form f with the eld of real multiplication
F equalto the eld generatedby the Fourier coe cien ts of f , then this hypothesisis
true [Rib80, corollary 4.2].

For simple Jacobians,we can characterizewhen a real multiplication is xed by

the involution vy.

Prop osition 2.5.3 Let C be a curve of genus2 and write J = JaqC). Supposethat
J is simple and that there is an emtedding i:Q( ) ! End’J), whee 2 2 Q.,.
Thenim(i) End®(J)¥™! if and only if one of the following is satis ed:

(i) End®(J) is commutative;
(i) End°(J) is quaternionicand (C i( ) C)= 2 2.

Pro of If (i) holds then y inducesa positive involution on i (Q( )) becauseEnd®(J)
contains only two roots of the minimal polynomial of . But Q( ) is totally real and

sothe inducedinvolution must be the identity by lemma?2.5.2.
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If (i) fails and J is simple then End®(J) must be quaternionic,andy: 7! 1~

for some sud that 2 2 Q.o, wherethe bar denotesthe canonicalinvolution. (See

[Shi63 x1].)
Now [Mil86a, Theorem17.3]givesthat (C i( ) C) = Tr( Y), whereTr denotes
the reducedtrace over Q, and sowewishto shavthat = Yifandonlyif Tr( Y) =

2 2. (One implication is easy of course.)

Note that 22 Q impliesthat —= ; likewisefor . Hence
y = 1—
1
-2
dT = 1L + :
and Tr( 7)) = —( ):

But ( + Y=( + )2 222 sothat Tr( Y) = 2 ?if and only if

( + )= 0. Finally, y=+ 1 = 1 + ) whencetheresult. 2

Lastly for this section,we show that, up to isogery, we may supposethat a given
real multiplication is maximal. This justi es us in looking only for curveswith an

action of the full ring of integersZ| ] Q(p 5).

Prop osition 2.5.4 LetF beanumber eld, andlet R andR°be ordersin F. Let A=k
ke an akelian variety with an emleddingi:R ! Endg(A). Then there is an alelian

variety B=k and an isogeny :A! B de ned overk suchthat R°! End,(B).

Proof Let n = [R%: R], sothat nR® R R®% We shall take B = A=G, whereG
is the nite subgroup(nRY9 A[n?] of A, andlet :A! B bethe assaiated isogely.
Now for any " 2 R we can attempt to de ne an action of " on B by tting the

missingarrow to the square
I

A — A

?

B PRepRD

sudh that the resulting diagram commutes.

?

2.5. Endomorphismstructure of an abelian surface
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To ched that this is well-de ned, we needto show that a 2 ker(n ) implies

(n") a2 ker . So,leta2 ker(n ), andput x = (n") a. Then
nx=(n") na2(n') G n G

=) x2G+A[n]=G+n A[n?=G:

The subgroup G is de ned over k sincethe action of R on A is de ned over k,
andsoB and arede ned overk. Given" 2 R%and 2 Gy, onecan readily chedk

that " and " agreeon B (k). Hencethe action of R°on B is de ned over k. 2

Our claim that a given real multiplication may be made maximal after isogely
follows as an immediate corollary from this proposition.

Notice that if A werenaturally principally polarized (a Jacobian,for example)it
is not clear whether this processgivesus a principal polarization on B aswell. We
return to this questionin chapter 4, wherewe provethat if A is a principally polarized
abelian surface and if n = [R°: R] is odd, then B can indeed also be taken to be

principally polarized.

2.6 Fields of de nition for endomorphisms

SupposeA is a simple abelian surfacede ned over a number eld k. Then, certainly,
the action of Z on A is always de ned overk. We shall alsoseethat there areexamples
where A hasreal multiplication de ned over k evenif k = Q; our aim in this section
is to showv that whenk = Q then EndoQ(A) is always either Q or a quadratic eld
(although the full endomorphismalgebraEnd%(A) may well be larger than this). We
do not claim that EndoQ(A) isalwaysareal eld. Cardonaet al. have found examples
with End%(A) = Q(p - 3) [CGLR98]; theseexamplesare isogenoudo the squareof
an elliptic curve over Q, but it may be possibleto construct exampleswith End%(A)

equalto a quaternion algebraand End%(A) equalto a quadratic imaginary eld.

Prop osition 2.6.1 Let A be an alelian variety of dimensiong de ned overa numker
eld k. Then there is an emtedding End(A) | Mg(K).

2.6. Fields of de nition for endomorphisms
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Pro of It is su cient to prove this for k-simple abelian varieties, for if A is isogenous
A
over k to a product A" of abelian varieties A; de ned over k then End)(A) =

i=1
My End(A;) . Thus we may assumethat all nonzeroendomorphismsof A

(lzlze1 ned over k are isogenies.

Let 2 End¢(A). Then inducesak-linearmap onthe invariant di erentials
de ned over k. Theseform a g-dimensionalvector spacedual to the tangern spaceat
0 [Sha74 chapter 111 x5.2]. Further, is an embeddingwhen is nonzero[Sha74

chapter |11 x5.1]. Thus we have an embedding Endi(A) | Mg(k): 7! . This
extendsto an errbedding of End(A) since End,(A) is a free Z-module [Mil86a,
theorem 12.5]. 2

Corollary 2.6.2 For a simpleakelian surface A de ned overQ, the algeba EndOQ(A)

is either Q or a quadatic eld.

Pro of The only other choicesfor End%(A) are a quaternion algebraor a quartic CM

eld (seesection2.5). Howewerit followsfrom the proposition that dimqg End%(A)
4 if and only if End3(A) = M2(Q). 2

For an elliptic curve E=Q, the correspnding corollary is that End%(E) = Q
(comparewith [Sil94,theorem11.2.2(a)]).

2.7 Reduction at a prime

In this sectionwe look at the reduction modulo a prime of a curve of gerus 2 and its

Jacobian. We make a few de nitions to start.

Let p be a prime, let K be a nite extensionof Q, and let R be the ring of
integersof K. We say that a variety X over K has good reduction if it extendsto
a smooth R-schemeX . The variety is said to have bad reduction otherwise. In the

casethat X is de ned over a number eld K, with ring of integersR, we say that X

2.7. Reductionat a prime
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has good reduction at a prime of R if X ¢ K hasgood reduction, whereK is
the completion of K at

Let us from now on supposethat K is a number eld and that R is the ring of
integersof K . In the caseof a curve C=K then we can nd a proper regular R-model
C for C, and indeedonewith the following property: wheneer C°is a proper regular
R-model for C then the K -isomorphismC® K ! C extendsto an R-isomorphism
C% C. Sud a model is called a minimal madel for C. It can be constructedfrom
a proper regular model by cortracting all exceptionaldivisors, that is, divisors which
have arithmetic gerus 0, self-intersection 1 and which lie in a bre over a closed
point. (See[Chi86]for the details.)

In the caseof an abelian variety X =K, a nice R-model is given by the Neron maodel
N (X)=R, which is de ned by the following universal property: if X is a smooth
R-schemeand :X g K ! X is arational map of K-sthemes,then extends
uniquely to a morphism r:X ! N (X) of R-schemes.Essetially, a Neron model
must be largeenoughsothat every K -point of X extendsto an R-point of N (X)), but
small enoughthat the group structure on X extendsto a group structure on N (X).
That Neron models exist is a theorem of Neron himself [Ner64, and a construction
in schemelanguagecan be found in [Art86]; the most completeaccourt is the book
by Bosd, Lutkebohmert and Raynaud [BLR90], and Silverman givesa very readable

accour for the caseof elliptic curvesin [Sil94].

For an elliptic curve E, we can obsene that the minimal model E, regardingE as
a curve, and the Neronmodel N (E), regardingE asan abelian variety, are linkedin
asimpleway: N (E) = E°, the smooth locus of E [Sil94, TheoremIV.6.1]. Similar,
but rather more complicated,connexionsexist betweenthe minimal model of a curve
C of higher gerus and the Neron model of the Jacobianof C. We elucidate onesuc

below.

We are, of course primarily interestedin theseconceptsappliedto a curve of gerus
2 and to its Jacobian. For an elliptic curve, the con guration of the special bre of a

minimal model is well known (see,for example[Sil94, table 4.1, page 365]). For the
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caseof a curve of gerus 2, Ogg [Ogg64 has classi ed the possiblecon gurations on
the special bre of a minimal model using a numerical argumert. This classi cation
was completed,using more geometricalargumerts, by Namikawa and Ueno[Nam73,
who list morethan 100cases.More recerily, Liu [Liu94] hasdeterminedan algorithm

to give the type of the special bre whenthe residuecharacteristic is greaterthan 2.

If acurveC hasgood reductionat aprime , thenit followsthat the JacobianJ (C)
also has good reduction becausethe generalizedJacobianJ of a smooth integral
model C hasgeneric bre J andis smooth|see [Mil86b, Corollary 12.3]. The corverse
is not true, howewer. It is known that Jacobiansare newer isomorphicto products
of principally polarized abelian varieties although they may be isogenousto sud a
product (this is remarked, for instance, in [Maz77, proof of proposition 10.6]), so
if J has good reduction as a product of abelian varieties, then we expect that the
assaiated curve should reduce badly, but in a cortrolled fashion. The result for

curvesof gerus 2 is the following.

Prop osition 2.7.1 Let R be the ring of integersof a numbker eld K, andlet be
a prime of R; write k for the nite eld R= . Let C be a curve of genus2 over K,
andlet J = Jac(C). Then J hasgad reduction at if and only if the curve hasan
R-model C suchthat the reduction C is of one of the following types:

(i) a smaoth curve of genus2 over k, or

(ii) theunion of two elliptic curvesk,, E; and m rational curves(wherem > 0) with
con guration asin gure 2.1, whete all the compnentsappear with multiplicity

1 and the intersection multiplicities are 1 or 0.

Pro of From the de nition of good reduction, we may replaceK with K and R with

the ring of integersof K .

If C hasgood reduction, then let C=R be a smooth model, and let J be the
generalizedJacobianas de ned in [Mil86b, x8]. Then, asremarked above, J is an

abelian schemeover R with generic bre J, and soJ hasgood reduction.
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E, E2
Figure 2.1: A con guration on the special bre of a curve of gerus 2 (refer to propo-
sition 2.7.1). The componerts appear with multiplicit y 1 and all intersection multi-

plicities are 1 or 0.

If C hasan R-model C wherethe special bre C is asin (ii), then we can still
concludethat Pic®(C=R) is the identity componert of a Neron model for J, because
eat componert of C appearswith multiplicit y 1 [BLR90, x9.5, Theorem4]. Further,
the group of connectedcomponerts N (J)=N (J)° of the Neron model of J is trivial
by [BLR9O0, x9.6, Proposition 10], and sowe have N (J) = Pic®(C). Hencethe special
bre of N (J) isPic’%(C ) = E; E,, and we concludethat J hasgood reduction (as

a product of elliptic curves).

The corversetakesa little more care. Let us supposethat J hasgood reduction.
Then any smooth proper R-model for J is a Neronmodel for J[this follows from the
valuative criterion for propernessand the fact that rational maps from nonsingular
varietiesto abelian varieties are everywherede ned. Let C denotea minimal model
for C. In what follows, we shall make useof seeral argumerts from [Ogg64.

The arithmetic gerus of the special bre C is given by the formula p,(C ) =
1+ 3 (CH+ (C ) ,where isa canonicaldivisor on C, and this is equalto 2.
But C is algebraicallyequivalert to the generic bre C, andso(C ) = 0O for any

divisor on C cortainedin C . Hence(C ) = 2.
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Supposethat C were nonreduced:C = n, say, with n > 1. Then we would
have that ( ) = 2=nandsopy() = 1+ (1=n), which is not an integer. HenceC
is reduced. We can concludethat Pic®(C) = N (J)°, by [BLR9O, x9.5, Theorem4].
Further, C hassmaoth componerts and the con guration of the geometriccompo-
nerts is tree-like by [BLR90, x9.2, Corollary 12].

Let be a componert of C . Note that thereisamap N (J) ! Pic%() by
functoriality, and sowe must have p,() 6 2.

Now write C = + D, whereD is an e ectivedivisor such that doesnot appear
in D. (Weallow D = 0.) Sincethe special bre is connectedwehave (D ) > 0
with equality if and only if D = 0. Therefore( 2) 6 (C ) = 0, with equality
exactly when D = 0. We also have ( )=2p.() 2 ( ?);if D6 0then this
gives( )> 1. Recallthat C is aminimal model, and hasno exceptionaldivisors.
Thus we concludethat for every componert of C we have ( ) > 0.

Supposenow that C = + D asbefore,and that p,() = 2. Then(C ) =
2= ( ), andso(D ) = 0, whenceD = 0 by the previous paragraph. Thus we
can concludethat if any componert of the special bre hasgerus 2, then the special
bre is irreducible, and is a smaoth curve of gerus 2.

From now on supposethat all componerts of C have gerus 0 or 1. In order

that p,(C ) = 2 and that Pic’(C ) is 2-dimensional,we can usesimilar argumerts to
l)(+2

concludethat C = i, with
i=1

(H=(2= L (1 )=(2 )=Lp)=pal 2)=1
and( 2= 2, (i )=0 pa i)=0fori> 3

(In Ogg's notation, we have two distinct componerts of type A and every other

componert is of type E.)
K*+2
Put D = i. (When m = 0 this meansD = 0.) Notethat (C D) = 0 and

i=3
that (C?) = 0, and so

(1 D)+(2D)+2(1 2=2

2.7. Reductionat a prime



Chapter 2. Badkground material 30

Now, usingthat C is connectedand that the con guration of the componerts is
tree-like it is straightforward to seethat C must be asin case(ii) of the statemert.
2

The con guration in (ii) of the propositionistype 13in [Ogg6§, andtype|[lo-1o-m]
(page 158)in [Nam73.

2.8 The conductor of an abelian variety

Now we cometo the de nition of animportant invariant of an abelian variety, namely
the conductor. There are seeral di erent equivalert de nitions in use: the one we
give is taken from [LRS93];the rst de nition in this generality was given by Serre
and Tate [ST6§.

Let p be a prime, let K=Q, be a nite extension,and let A=K be an abelian
variety. Fix an auxiliary prime ~ distinct from p and from 2, and setL = K (A[']).

Denoteby G; the ith inertia group of L=K , that is
Gi=f 2Gal(lL=K)jv( )> i+ 1g;

where isauniformizerforL andv:L ! Z isthe normalizedvaluation on L; write
g for the order of G;.
Then the expnent of the conductor of A=K is de ned to be

Xgi

f(A=K) = 2L dime A[JFA[]C

i>0
We note that although this is not clear a priori, f (A=K) is an integer, and inde-
pendern of the choiceof ".

If A is an abelian variety over a number eld k, we shall de ne the conductor of
A=k to be the product of local factors

Y
p'*; wheref, = f (A Kp=ky):

primes p

2.8. The conductor of an abelian variety
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Also, if C=k is a curve, then we shall de ne the conductor of C to be the conductor

of the abelian variety Jaq(C)=k.

A fewremarksare in order. First, when A=K is an elliptic curve, then the expo-
nert f (A=K) has a well-known simple description (see,for example[Sil94, theorem
IV.10.2]). Indeed,in any dimension,the exponert f (A=K) = 0 if and only if A=K
has good reduction.

Secondly the de nition of the conductor doesnot lend itself to direct calculation.
To be ableto calculateit, onemust relate the de nition more nearly to the geometric
situation. Tate's algorithm will do this for elliptic curves (see,for example, [Sil94,
chapter 1V, x9]), and Liu [Liu94] has producedan algorithm which will computethe
odd part of the conductor of a curve of gerus 2; he has encaled this asthe program
genus2reduction .

It is alsoworth noting that when A=Q is an abelian variety of dimensiong with
RM de ned over Q, then the conductorof A is a gth power. Further, if A isamodular
abelian variety, asseiated with a newform of level N, then it is known by work of
Deligne, Langlandsand Carayol that the conductor of A is N9 (see[Car86, theorem
A]).

As a last remark, we obsene that the problem of computing the conductor of a
curve of gerus 2 at the prime 2 still seemsnot to be completely solved. We can at
least ched (in an ad hoc manner) whether a curve has good reduction at 2. It is
sometimesalso possibleto ched the criterion of proposition 2.7.1for good reduction

of the Jacobianat 2, that is to say, to chedk whether the curve hasan odd conductor.

2.9 Poncelet's theorem

The theoremof this sectionis a rather beautiful classicalresultin projective geometry

What is of useto usis the method of proof given by Griths and Harris [GH77].
Considerthe following. Let Q and R be (distinct) plane conics. For simplicity,

we shall assumethat Q and R meet in four distinct points; the theorem below is

still true without this assumption. Then the rst stepis to de ne a correspndence

2.9. Poncelet'stheorem
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on Q by taking tangerts to R. To be precise,let P be a point of Q; then there are
(generically) two tangens to R which passthrough P. We shall denotethe residual
points of intersection of thesetangerts with Q by P, and P (refer to gure 2.2).
Notice that there is an implicit choice of a positive direction here: this is arbitrary,
but will needto be consisten in what follows.

Figure 2.2: The correspndenceP 7! fP, ;P g

Now for any point P on Q we can construct a sequencef points (P,) by
Po := P and P+; = (P,)+ for eadhn > O:
With this notation, we can state the result asfollows.

Theorem 2.9.1 (Poncelet's theorem) Supmsethat n> 3is an integer suchthat
for somepoint P of Q we haveP, = P. Then P, = P for ewery point P on Q.

In words, if there is one n-gon inscribed to Q and circumscribed to R, then for

ewvery point P on Q there is such an n-gonwith a vertex at P.

Now we summarizethe proof in [GH77]. The key stepis to introducethe incidence
relation E betweenQ and the projective dual R , that is,

E=f(P;L)2Q R jPliesonLg:

2.9. Poncelet'stheorem
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Both Q and R are (geometrically) isomorphicto P!, and the condition de ning
E gives one algebraic equation, so E is an algebraiccurve in Pt P, There are
two natural 2{1 maps 1:E! Qand ,E! R ;the map ; branchesover the
intersection points of Q and R and the map , branchesover Q \ R . Any point of
E which is not a rami cation point for ; is nonsingular,and the sameholdsfor ».
But the assumptionthat Q and R meetin four distinct points ensuresthat ; and

> have no commonrami cation points, and we concludethat E is nonsingular.

The curve E has gerus 1 by the Hurwitz gerus formula, so we are able to use
someof the theory of elliptic curves. There are two natural involutions ; and , on
E, givenby exdhangingthe branchesof the maps ; and ,. Considerthe liting of ;
and , to the universalcover of E. Each of the involutions ; and ; is the composition
of a homomorphismwith a translation; since neither of these maps is the idertity,
but ead has xed points, eat oneis of the form P 7! P + Q (for someQ). The
composition ; , is then translation by a xed point T, say, of E.

If the point P 2 Q liesunderthe point P 2 E, then P, liesunder P+ T. Indeed,
for ead n, the point P, liesunder P+ nT. Sincewe know P, = P for somen > 3,
this forcesnT = 0 on E. But the value of T is independen of the choice of P, and

sothe result follows immediately.

2.9. Poncelet'stheorem
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Hum bert's criterion

In [Hum99,, the author descritesthe relations satis ed by the period matrix of an
abelian surfacewith real multiplication by Q(p d), and givesa geometricdescription
of whentheserelations are satis ed. A translation to more modern languagecan be
found in [vdG88, ch. IX]. We o er a proof of Humbert's geometriccriterion for real
multiplication in Q(p 5) following van der Geer[vdG88, loc. cit.] and Jakob [Jak94.

3.1 Hum bert's criterion for RM by Q(p 5)

Throughout the sequel,suppose C is a curve of gerus 2 (de ned over somealge-
braically closed eld k of characteristic 0), write J = Jac(C) and K for the Kummer
surface J=h 1li. Then J has a canonical principal polarization . We denote by
y the assaiated Rosati involution on End(J) and write End(J)¥=! for the subring
xed by y. Further, choosean imageD of C onJ (sothat D is an ample e ective
divisor giving the polarization ) which is symmetric, that is, ( 1) D = D. The

Riemann{Roch theoremimplies that (D?) = 2.

The following proposition collectstogether seeral classicalresults about the ge-
ometry of the Kummer surfaceK, proofs of which can be found in [Gon94]. (The

classicreferencefor this material is [Hud05].)

Prop osition 3.1.1 The map de ned by the linear systemj2Dj on J factors through

34
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the projection J ! K andde nes an emteddingof K into P® asa quartic hypersurface
with sixteen nodesas its only singularities. Thesenodesare the imagesof J[2].

There are sixteen planestermed the singular planessuchthat each singular plane
contains six of the nodesof K and eachnodeis contained in six of the singular planes;
furthermore the six singular planescontaining a node are tangentto K at their other
points of intersection with K, and cut out sixteen conics on K, termed the singular
conics which are the imagesof translatesof D by points of J[2].

The surface K is projectively self-dual,and under this duality, the singular planes

and singular conics are dual to one another. 2

Now we do a little preparation for a proof of Humbert's criterion.

Prop osition 3.1.2 Let d be a squaefree integer suchthat d 5 (mod 8). Write
d= 8t+ 5 andlet O ke the ring of integers of Q(p d). Then there is an emledding
O ! End(J)¥*! if andonly if thereis a curve E on K of genus2t(t + 1) and degree
4t + 3 which passesthroughsix of the nodeson K .

Pro of Suppose rst that " 2 End(J)¥! satises "2+ " (2t + 1) = 0, and put
H="D. Then (H?) = deg")(D?) = 2(2t + 1)?, and sopa(H) = (2t + 1)+ 1.

Let E bethe imageof H on K. The endomorphism” acts asan isomorphismon
J[2],so#(H\ J[2]) = #( D\ J[2]) = 6, and henceE passeshrough six of the nodes
on K. Moreover, the Hurwitz gerus formula implies that E hasgerus 2t(t + 1).

The degreeof E is given by the intersectionnumber (D H) onJ (sincethe map
J! K isdened by j2Dj and is a degree2 map). But by [Mil86a, Theorem 17.3],
(D H) = TrgP a):Q("Z) = 4t + 3. This concludesthe \only if" part.

Conversely supposethat E is a curveon K asin the statemert, and let H be the
preimageof E onJ. Then (H?) = 2(2t + 1)?, and (D H) = 4t + 3.
Put"= ' | () 2 End(3)** (cf. [Mil86a, proposition 17.2]). Then "Y = ",

and so, by [Lan86,lemma2.3]," satis es the equation

"2 (D H)"+ %(HZ): 0:

3.1. Humbert's criterion for RM by Q(p 5)
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Thus %(1 + P d) 7" (2t+ 1) de nes an enbeddingO | End(J)¥™. 2

Now the last stepis to cornvert the criterion of proposition 3.1.2into something

more appealing, asin the following.

Theorem 3.1.3 (Hum bert's criterion) Supmsethat is a map of C onto a
plane conic Q with branch points P;, P,, P3, P4, Ps and Ps. Then there is an
emieddingi:Z[ ]} End(J)¥! if and only if for someordering of the branch locus
there is a plane conic R passingthrough Pg which is tangentto each of the edgesof

the pentagonP,P,P3P4Ps.

Pro of Suppose rst that there is an enbeddingi asin the statemert. Then proposi-
tion 3.1.2tells usthat thereis arational cubic curve E on K which passeshrough six
of the nodesof K. Label thesenodesPy; Py; P;; P3; P4 and Ps, and project through
Py to P2

The imageof E is a plane conicwhich is tangert to ead of the six lineswhich are
the intersectionsof the singular planesthrough Py with P2. This conic also passes
through the v e points which are the intersectionsof the lines PoP; with P?.

Taking the projective dual givesthe con guration of the statemert.

Giventhe con guration of the statemert, Jakob [Jak94, x1] shavs how to recover
the Kummer surfaceK and JacobianJ. Welet :X ! P? be the double cyclic
cover branched over the lines P,P;; P,P3; PsP,4; P4Ps; PsP; and the tangert to R at
Ps. Then Jakob provesthat  %(R) splits into two smooth rational curveson X and
that the Kummer surfacecan be recoreredby amap :X ! K which blows down
onecomponert of  %(R). This givesarational curve E onK; let H be the preimage
of E onJ. Jakob further provesthat (H D) = 3andH hasgerus2 soE is a curve
asin (3.1.2). 2

In the sequel,by an Humkbert con guration we shall meana con guration asin

3.1. Humbert's criterion for RM by Q(p 5)
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the edgesof the pentagon P,P,P3;P,Ps. If we say that an Humbert con guration

It is not immediate on a rst reading of theorem 3.1.3and its proof that the real
multiplication constructed from the Humbert con guration is necessarilythe same
as that which givesrise to the Humbert con guration. This is the case,as we can
ched from the following proposition, which givesus a criterion we alsouselater on.
As before,we choosesomeimageD of C on J which inducesthe canonicalprincipal

polarization.

Prop osition 3.1.4 Supmwsethat"; 2 End°(J) bothsatisfyf (T) = T2 ;T+1=0,
whee ;2 QnfOgandf is irreducible,and that "Y = ".
Then" D = D impliesthat " =

Pro of Recallthe de nition of the embeddingAut(C)! End(J):u 7! u given before
lemma2.5.1.

Note that " and areinvertible. Then, certainly " D = D impliesthat = "u
for someu 2 Aut(C). We now make use of the classi cation of Aut(C) given in
section2.5. In particular, we know that u has nite order.

If Aut(C)™ is trivial then the result is clear.

If Aut(C)™ = Cs then End®(J) = Q( s) (where 5 is a primitive 5" root of 1),
so" and areelemens of the unique quadraticsubeld Q( ) Q( s). Henceu is a
fth root of unity in Q( ) and thusu = 1.

In all other cases,] is isogenoudo a product of elliptic curves. Indeed,J must be
isogenoudo the squareof an elliptic curve E, for supposeotherwisethat J isisogenous
to E; E,, whereE; and E, arenot isogenousThen End®(J) = End®(E;) End°(E,)
and so eat of End’(E,) and End®(E,) must cortain roots of f (T) (since End’(E;)
is cortained in Q). Hence(if this is possible)E; and E, both have CM by the same

guadratic eld, soareisogenousgcortradicting the assumption.
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There is, then, an isomorphismEnd®(J) = M,(K), whereK = End’(E), such

that the Rosati involution becomes
!
a b’

c d

ol
ol o

where ™ denotescomplex conjugation.

Under this isomorphism,write & = (u; ) and" = (";). Then we needto satisfy:
(i) det("w) = det("), that is det(d) = 1;
(i) Tr("e)=Tr(")= 4
(i) & = o ! (becauseof lemma2.5.1);
(iv) "y =",

Conditions (i) and (iii) together give the equationsty; = Uy, U, = Uy, and

Uy1Uq7 + UgoU, = 1. Given these,and condition (iv), we can write
Tr("e) = Tr(")ups + (M12U12 "12012) + "22(U11  U11):

If we apply ~ to this equation and add, then use condition (ii), we nd that
2 1= 1(uyy + Uy), sothat uyy + Uy = 2 (since ; 6 0).

Since™ is just complexconjugation, u;; + TUy; = 2 and ug1U;; + UgoU5, = 1together
imply u;; = 1 and ug, = 0.

This provesthat = 1in M(K), andso = ". 2

3.2 Hum bert's criterion revisited

We can copy Humbert [Hum99 and make explicit the geometriccriterion of theorem

3.1.3. Let us x alittle notation. We let C be a curve of gerus 2 over a number eld

choosecoordinates (X : Y : Z) on P? sothat the conic Q which is coveredby C has
equation
Y?=XZ

3.2. Humbert's criterion revisited
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(the image of the 2-uple embedding P* | P?). Supposethat the branch points

Notice that thereis only oneconic R which is tangert to the v elinesP;P,, P,P3,
PsP4, P4Ps, PsP;, and sothe condition is that this conic passeghrough Pg. In fact
it isno dicult matter to write down the equation of the projective dual R (Maple
V hasa function for this task). If we take coordinates (I : m : n) on the projective

dual P? sothat R hasan equation
al>+ bm? + cn®+ 2dmn + 2enl+ 2f Im = 0
then the coe cien ts are

a= aajai(a) af)+  +asaiai(al  &));

b= alaas(as a)+ + aaa(ar  a);
c=aj(as ay)+ +ai(a a);
2d= af(a + as)(as  an)+  +ai(ant al)(a &)
2e= af(ap+ ag)(af af)+ +ap(al+ ap)(a &)

2 = af agau(a)+ &) + aas(a; ay) + + & aag(al+ Ayt aa(a &) ;

where on ead line the missing terms are produced by cycling the su ces by the
5-cycle(1 2345).
To obtain the condition that R passeshrough Pg it is slightly more elegan to

rst considerthe casewhen P = (1 : 0 : 0), in which casethe condition is simply
1
. We shall
A

bc= d?, and then to generalizeby making the substitution a; 7!

An important fact from our point of view is that, while the group of permutations
of the & which x R is the symmetry group of the pentagon P;P,PsP4Ps5 (that is
Dio= h(12345);(12)(3 4)i), the group of permutations in Ss which x H is rather
larger. This subgroupis preciselythe transitive copy of As which is generatedby
(12345)and(16)(25). Wecall this subgroupA¥ . This meansthat for ead choice

of branch point P;, there is someconic R; which passeshrough P; and is tangert

3.2. Humbert's criterion revisited
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to the pentagon formed by taking the other branch points in a speci c order. (The
equation above de nes Rg.) We can retrieve this ordering becausewe know that for
eadh i = 1;:::;6 the group of symmetries of the pertagon formed by the branch

points other than P; is just the intersectionof AY with the stabilizer in S of i.

We are now in a position to verify the following, which makeslife a little simpler

later on.

Lemma 3.2.1 Let C be a curve of genus2 which admits the Humbert con gur ation
(Q;R;fP;jg). Then, after reordering the P;, we may suppmse that Q and R meet

transversaly in four points.

Pro of Our proof is a straightforward, if rather tedious, calculation, which was per-
formed with the aid of Maple. As a point of notation, if p; and p, are multiv ariate
polynomials we shall denote by Regqp;; p.; X) the resultant of p; and p, with respect
to the variable x.

We may supposeup to isomorphismthat Q hasthe equationY? = X Z, and that
the branch points of C! QareP; = (0:0:1),P,=(1:1:1),P3=(2: :1),
P,=(?%: :1),Ps=(?: :1)andPg=(1:0:0), forsome , and sud that
0,1, , and areall distinct.

The condition that Q and R both passthrough Pg can be calculated as above,
and givesa singlecondition H(; ; ) = 0, say. We can alsodeterminethe condition
Di(; ; ) that Q and R meetin fewer than four points: D, is the discriminant (with
respect to t) of the quartic equation satis ed by thosepoints (t? :t : 1) lying on R.

From the discussiorabove, we note that the curve C admits three further Humbert
con gurations (Q; Rz; P1; Ps; Ps; P2; Ps; Ps), (Q; Rs; Py; P2; Ps; Ps; Ps; Ps) and (Q; Ry;
P4; P2; P3; P1; Pe; Ps), say; let the condition that Q meetsR; in fewer than four points
beDi(; ; )fori= 234.

We de ne p;( ) = Res RegD3;Dy; );Dy; (a polynomial of degree64), and
let p2( ) = Res ReqH;Dy; );Dy; (which has degree32). After factorizing and
clearingthe factorsof and( 1), Maple givesthe following forms for thesepoly-
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nomials:

p()=( +1)%4 *+36° 662+26 1)(* 26°+66°2 36 4)

(31 2 40311+ 59211 47555°%+ 2447208 4403237 +
475219° 440323°+ 244720% 475553+ 59212 403 + 31)
(112 13 +1)?( 2 13 + 11711 *+ 93+ 1112 11 + 1)°
(% 113%+1112%+9 + 11211+ 313+412 31 +11)

andp( )= (%2+2 4)%164+244°%+512 66 + 11)
(16 4 116°+ 3212 396 +176)(* 213+212+9 9)
(% 963+7712 666 9)?

Theseare coprime, and sowe concludethat at leastonethe conicsR, R,, Rz and Ry

must meet Q in four distinct points. 2

3.3 An explicit pE-multiplication

Now we start from the con guration of theorem3.1.3and constructan explicit embed-
dingj:Z[ ])] End(J). This is mainly useful becauset allows usto give a criterion

for the multiplication being de ned over Q.

Let C be a curve of gerus 2 which admits an Humbert con guration (Q;R;fP;g),
sa. Let us x ageometricisomorphism :Q ! P! sud that (Pg) = 1 . This gives
an equationfor C of the form

Y:u
C:Y?=f(X)= (X &) (3.1)

i=1
whereg = (P;) fori = 1;2;3;4;5.
By lemma3.2.1,we may assumeat rst that Q and R meettransversallyin four
distinct points. As in section2.9, de ne E to be the incidencerelation betweenQ

and the projective dual R , that is

E=f(P;L)2Q R jPliesonlLg:

3.3. An explicit P 5-multiplication
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From the discussionin section2.9, E is a nonsingular curve of gerus 1. Further,

there is a xed point T on E of order 5 sud that the cosetb, + HTi on E projects

Now, following Mestre [Mes914, let x be a function on E with double pole at O,
letf:E ! E bethe isogely assaiated to the subgrouphTi and let u be the abscissa

equation, that is, the function which makesthe following squarecommute.
f

E E

X LX
? p
pt —— P!

De ne the curve C°by the equation

C%:Y2=uX) u(a):

isomorphicto C. The polesof u are the x-coordinates of points of kerf, sou has
double polesat x(T) and x(2T), and no other poles. Write (x) for the function
(x  x(M)(x x(2T)), which we can regard as a function on E, C or C% The
isomorphismC® ! C canthen be written (x%y9 7! (x%y° (x9).

Now suppose(X;y) is a genericpoint of C (in the coordinates given by (3.1)).
There are two tangerts to R passingthrough  (x) 2 Q; label the residual points
of intersection of theselines with Q as  (x,) and *(x ) sud that if x = x(P)

for someP 2 E thenx = x(P T). By the denitions, x ;y —5 both lie onC°

and sowe have a well-de ned pair of points  x,;y -5 and x ;y %) oncC

and cande ne a morphism from C to the secondsymmetric power C® by

() . o (x)
®x Y Tm

It followsthat inducesan endomorphismofJ = Jac(C) since commnutes with

(X y) 7! X4y (3.2)

the hyperelliptic involution on C. Further, if we embed C in J by mapping (x;y) to
the classof the divisor (x;y) 1 (wherel denotesthe point of C above Pg) then,
ascanreadily be veried, ( 2+ 1) maps[(x;y) 1 ]to the classof the divisor of

the function Y (X), that is 2+ 1=0onJ.

v
(x)
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Hencej( ) = + l1denesanembeddingj:Z[ ]! End(J).

We started this sectionby supposingthat C admits an Humbert con guration. Of
course,by theorem 3.1.3, this is equivalent to assumingthat there is an embedding
i:Z[ ]! End@d)''. We have been careful thus far not to assertthat our explicit
RM by Q(p 5) is the sameas this \original* RM, but we now prove the following

proposition which statesthat thesetwo actionsof Z[ ] are indeedthe same.

Prop osition 3.3.1 Let C be a curveof genus2, write J = Jaq C) and suppsegiven
an emteddingi:Z[ ]! End(J)¥™'. Let (Q;R;fP;g) be an Humkbert con guration for
C (asgivenbytheorem3.1.3) andletj:Z[ ]} End(J) ke the emledding constructed
as alove with resgect to (Q; R;fPig). Theni = j; that is to say that the procedure
alove givesan explicit description of the RM by Q(IO 5).

Pro of We shall make use of the explicit description given by Casselsand Flynn
[CF96, chapter 3] of the Kummer surfaceK assaiatedto C.
Fix a model for C in the form

C:Y2=f(X)=Y3(X a): (3.3)
i=1

Now choosea point of J: this is represeted by a point f(x;y); (u;v)g, sa, on
C®@ . Then, from [CF96, equation 3.1.3], the image of this point on the Kummer
surfaceK is(1:x+ u:xu: o(X;u;y;Vv)), wherethe exactform of ¢ will not worry
us.

The nodeon K underthe zeroof J isat Ng = (0: 0: 0: 1). From [CF96, equation
3.1.9],the imageof the tangert coneat No under projection through Ng into the plane
(I : m: n:0) hasequation|? = 4mn. Consideringthe proof of theorem 3.1.3, this is
the dual of Q. Hencewe identify the plane (I : m : n : 0) with (P?) , and then Q has
equationY? = X Z.

From the description of the singular planesin [CF96, chapter 3, section7] (where
they are called tropes) we seethat the branch locusof C ! Q is the set of points
f(@: a:1)ji= 1;:::;6g. Thus the image of a point (x;y) under C ! Q is
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(x2 :  x :1). Further, the image of f(x;y); (u;v)g under the composition C® !
J ! K ! (P? isthe point represeting the chord joining (x> : x : 1) and
(u2: u:l).

Nowlet" =i( 1)andlet =j( 1) (asde ned in equation3.2). Considering
the proofs of proposition 3.1.2and theorem 3.1.3,the imageof " D underJ ! K'!
(P?) is the conicR . By the de nition of , and by the previous paragraph, a pair
f(x;y); (u;v)g represets a point of D preciselywhenthe chord joining (x?: x : 1)
and (U?>: u:1)istangern to R, that is whenthe projection of this point to (P?)
liesonR . Thus" D and D have the sameprojection to (P?) .

SinceR is birational to its preimageon K, and sinceeat of " D and D is
xed by multiplication by ( 1) (recall that D was chosento be symmetric), we can
concludethat " D = D. An application of proposition 3.1.4gives" = , and so

I = ] asclaimed. 2

Note further that this shows (indirectly) that the imageof our explicit embedding

] is xed by the Rosati involution.

Supposethe curve C is de ned over a number eld k, and take a model of the

form (3.3) over k. We now give a criterion for whenthe real multiplication by Q(p 5)

A = W12 345);(16)(25)i.

Theorem 3.3.2 The emledding j has image contained in Endy(J) if and only if

Pro of Any permutation 2 Ss actson fay;:::;as0, and so producesa (possibly
di erent) con guration asin Humbert's criterion (3.1.3). Hence givesa new map
,Wwhere = j( 1)isasde ned in equation 3.2.
Let G be the subgroup
G=f 2&%j] =g

3.3. An explicit P 5-multiplication
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Now 2 G\ H; if andonly if the actionof presenesthe conicR;, which in turn
is de ned by the perntagon formed by the branch points other than P;. HenceG\ H;
is naturally the group of symmetriesof that pertagon, that is, G\ H; = AY \ H;,.

This forcesG = AY, and sothe result is immediate. 2

3.4 A family of curvesfrom Hum bert's criterion

We cannow usetheorem3.1.3to produceour rst examplesof curvesof gerus 2 with
maximal real multiplication by Q(p 5).

We shall take the samenotation as before,that is, we take homogeneougoordi-
nates(X :Y :Z) for P? and let Q be the plane conic

Q:Y?%2=XZ:

is tangert to the edgesof the perntagon P,P,P3;P4Ps passeghrough (1 :0: 0).

Again, recall from section 3.3 that going from a point P of Q to the point P, is
given by addition of a xed 5-torsionpoint T onthe curveE = f(P;L)j P liesonLg.
In particular, let us considerwhat happensif P is a point of intersection of Q and
R. Then there is only onetangert to R passingthrough P and this meetsQ in one
further point P, , say. With referenceto Poncelet'stheorem, the other tangert to R
through P, meetsQ in athird point P.,. which lieson a line tangert to both Q and
R|see gure 3.1.

Taking (I : m : n) as homogeneousoordinates for P? , we have an equation for
R (the dual curve to R) of the form

R :al®>+ (bm+ cn)?+ 2eln+ 2fIm= 0

sinceR passeghrough (1:0: 0).

3.4. A family of curvesfrom Humbert's criterion
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Figure 3.1: A \degeneratepertagon"

Now, to simplify things, we shall assumethat the other verticesof the \degenerate
pertagon” with a vertex at (1:0:0) are (t?:t: 1) and (0: 0: 1), wherethe latter
is the point of cortact with Q of a commontangert to Q and R. Then, sincethe
tangentto Qat (0:0:1)istheline (Il :m:n)= (1:0:0), this givesa= 0.

Now the tangert to R at (1:0:0)is(0: c:b) 2 R, andthis meetsQ again at
(% : bc: @), sothe condition that this degeneratepertagon existsis that the chord
joining (0: 0: 1) and (K’ : bc: ¢?) shouldbetangert to R, that is(c: b:0)2 R .

This givesb(b® 2cf) = 0, but b= 0 would actually meanthat we only had a
degeneratetriangle, sothe condition we require is b®> = 2cf .

The next stepis to start from a point of Q and nd the perntagon passingthrough

that point which is inscribedto Q and circumscribedto R. From the above, we write

Q:Y2=XZ

R :(m+ n)*+2In+ }Im=0:

(We aretaking = c=band = e=B; note that bis nonzerofor nonsingularR.)
Using a little hindsight, we supposethat the rst vertex of the pertagon is at
P=(2:t: 2»)2Q,andwrite P, = (1: us: 2u?),P = (1: uy: 2u3),

P =(1:s1: %) andP = (1:s,: 2s)).

3.4. A family of curvesfrom Humbert's criterion
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Supposethat the two tangerts to R passingthrough the point (1: t : 2t?) are
(It :my:ny), (I, : my:ny) 2 R . Then the ratios (my=n;) and (m,=n,) are the roots
of the quadratic polynomial

21 2t9)+ (2 2t tOT+@ HT=

The line ;X + m;Y + n;Z = 0 meetsQ at those points (1 : u : u?) satisfying

mu?+ mu+ |; = 0,andthus (u; +t) = (m;=n;) fori = 1;2. This gives
2 2t 2t+t?
Up+ up = anduu, =1 t:
1 t
But now the samecalculation givessit = 1 u; for i = 1;2 and sowe have
S1+ S, = tandss—2 L.
1 2 i 152 1 0

The assaiated family of hyperelliptic curvesis
Y22 X(X (X% [ur+ udX + ulp)(X? [sp+ o)X + 518p);

with the two parameterst and ; obsene that the choiceof doesnot aect the

isomorphismclassof the asseiated curve of gerus 2.

We shall next make the transformation which puts the point X = Y = 0 at

in nit y, and thereby obtain an equation of the form

Y2

(1 X)(UpX?  [ug+ Ug]X + 1)(518:X % 51+ Sp]X + 1)
= X%+ X' X3+ X2 X+

wherethe ; arethe elemenary symmetric functionsin t, uy, Up, S;, and s,.

In termsoft and , the ; are

1= 201+ );
ot 21+ )t B+ 2 +4 )2+ 21+ N+ 1+ 2
2- L !
28+ 40+ )Y B+2 +4 )2 (1 2 43t 2+4
8- t(1 1)2 ’
201+ )Y 21+ P+ (L+2 4 )2 1+ 2
4T t(1 t)2

and 5= 2 1

3.4. A family of curvesfrom Humbert's criterion
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Thus if we choosethe two parameters
A=1 2 andB= , (3.4)

then we obtain equationsfor the family of curvesof gerus 2 in the following shape:

Cag : Y2= AX°+(A+B 3)X*+ (5 3A+A? 2B)X3+BX?%+(A 3)X+1: (3.5)

Note that the discriminant of Cpag IS
Dag = A% 4A%  29A%+ (106 26B)A° (223 112B + B?)A?
2
+ (338 24(B + 42B%)A (117 1148 + 37B? 4B®)

Let S be the locusin the ane plane whereD g doesnot vanish, and consider
the family of curves :C ! Swhere (A;B) = Cpg. This givesa parametrization
of all triples (X;i; P) de ned over Q, whereX is a curve of gerus 2, i is an action of
Z[ ] on Jac(X) which comnutes with the Rosati involution, and P is a Weierstrass

point on X . More preciselywe have the following.

Prop osition 3.4.1 Let k be a numlker eld. Then each k-rational section to the
map :C ! S givesa triple (X;i;P) whee X, i( ) and P are all de ned over k.
Conversely,whenk doesnot contain Q(ID 5), everynonsingular curve X =k which has
a k-rational Weierstrasspoint P and maximal RM by Q(p 5) de ned overk arisesin
this fashion.

Pro of First supposewe chooseA;B 2 k. Then it is clear that C,g is de ned

over k and has a k-rational Weierstrasspoint (at in nit y). The choice of A and B

P 7' fP.;P gonQ,andso comnuteswith the inducedaction of Z[ ] onJac(Cxg ).

Conversely supposewe have a triple (X;i; P) whereead of X, i( ), and P is

3.4. A family of curvesfrom Humbert's criterion



Chapter 3. Humbert's criterion 49

X sud that Pg is the imageof P on Q, and is a k-rational point. The conicR is
de ned over k, sincei( ) is de ned over k (seethe proof of theorem 3.3.2). Further,
the \degeneratepertagon” with a vertex at Pg must alsobe presened by any Galois
automorphism (sinceit is determinedby R). Sinceone vertex is k-rational, and the
other two occur with multiplicit y 2, every vertex must be rational over k. Hencewe
can choosean Humbert con guration for X sud that the pair of conicsQ and R
assumethe forms at the start of this section (and so X will be isomorphicto Cag
for some(A; B) 2 S) providing that the conicsQ and R meettransversally at Pg. It
remainsto shaw that this is true when k doesnot cortain Q(Io 5).

SupposeQ hasequationY? = X Z asbefore,and supposethat R passeghrough
(1:0:0) andis tangert to Q there. Then R hasan equation

al>+ bm? + 2enl+ 2f Im = O:

Now one mimics the method of the start of this section: the condition that thereis a

pentagon with verticeson Q and edgestangert to R is
b + 6be+ 4€ = O

HenceR is de ned over some eld k°cortaining Q(p 5); this implies that the RM by

Q(p 5) for any assaiated curve of gerus 2 is alsode ned over k° Q(IO 5). 2

The condition above that k doesnot cortain Q(p 5) geruinely is necessary An
example that demonstratesthis is the curve Y2 = X5 2 over Q(p 5). Here the
only Weierstrasspoint de ned over Q(IO 5) is the point at in nit y, the RM is de ned
over Q(ID 5), but the two conicsin an Humbert con guration for this curve meet

tangertially in two distinct points.

Notice that a by-product of this is to produce a family of quintic polynomials
with Galois group D1g, namely that appearing on the right-hand side of equation 3.5
above.

We shouldalsomakeit clearthat this doesnot give a moduli spacefor sud triples

(X;i; P), sincedi erent valuesof the parametersA and B can give rise to isomorphic

3.4. A family of curvesfrom Humbert's criterion
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curves. In particular, for ead B, the curve Cy.5 is isomorphicto the curve C 1547
via (X;Y) 7' ( X + 1Y). It is natural to askwhentwo pairs of parameters(A; B)
and (A% B9 give (geometrically) isomorphiccurvesCag and Caozo, and it would seem
that a straightforward calculation should yield the answer: one needsto determine
when a fractional linear transformation of the X -coordinate turns the equation for
Cag into the equationfor Caogo (Seesection2.1). However, from a practical point of
view, this approad rapidly degeneratesnto very long and tedious manipulations; so

far it hasnot beenpossibleto nd the desiredcondition.

We would very much prefer a family that included all gerus 2 curveswith a P 5
multiplication, without the hypothesisthat there be a rational Weierstrasspoint, but
we do not know how to adhieve this. As already mertioned (section1.2), Brumer has
producedfamilies, but it is not known how comprehensie theseare (and the details

are asyet unpublished).

Finally, the table in sectionA.2 givesthe odd part of the conductorsof someof

the curvesCag .

3.4. A family of curvesfrom Humbert's criterion
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The -adic Galois representations

4.1 Intro duction

In this chapter we put our criterion for whena real multiplication by Q(p 5) is de ned
over Q, namelytheorem 3.3.2,into a more generalcortext, and seewhat can be said
about the structure of the Tate module at a prime ~ of an abelian variety with RM.
Note that more is known about the "-adic Galois represemations attached to RM
abelian varieties than is preserted here. In particular Ribet [Rib76] has determined
that the imageof Galoisis \as large aspossible"for almostall primes . (This means
that we may assertequality, not just containment, in theorem4.3.1(i),(ii) for almost
all )

The calculation that follows was done independertly of Ribet's work (indeed,
beforel learnt about his paper) and hasa di erent emphasissoit is presened in full
here,as opposedto a strategy of quoting from [Rib76] and deducingwhat we should
like to say.

We should also remark that Taylor and Shepherd-Barron[SBT97, theorem 3.4]
have proved that any mod 2 icosahedralGalois represemation can be realizedasthe
action on the 2-division points of someabelian surfacewith real multiplication by
Q(p 5). As already remarked (section 1.1), they also prove, modulo sometechnical
restrictions, that abelian surfacesover Q with RM by Q(p 5) are modular; thus they

deducethat any represemation —:Gq ! GL,(F4) which is unramied at 3 and 5 is

51
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modular in the senseof Serre'sconjecture (for which, see[Ser87).

In section4.5, we usesomeof the information we have gainedabout the structure
of the Tate module to prove two theoremsrelating to the questionof whena polarized
abelian surfacewith RM by a eld F is isogenougo a principally polarized abelian

surfacewith maximal RM by F.

4.2 Ab elian varieties with real multiplication

Let F be a totally real number eld of degreeg over Q, and let O be the ring of
integersof F. Let k bea number eld and let A=k be an abelian variety of dimension
g. Supposethat A hasreal multiplication by F; more speci cally, supposethere is
an embeddingi: O°! End(A), whereO°is someorderin F.

Let * be a rational prime which doesnot divide the conductorf (09 = [O : OF.
The Tate module T-A is a free Z--module of rank 2g, and is alsoa module for R :=
lim (O="0) via i, sinceEnd(A) Z-! End(T-A) (see[Mil86a, Theorem 12.5]).

Supposethat = decompmsesin O asfollows:

wherethe p; are distinct primesof O with [O : pj] = *fi andg > 1 for eadhj.

Then, by the ChineseRemainderTheorem, we have a decompsition

(YL
R: Rj
j=1
whereR; := lim O=p® . SetO; = lim O=p" , sothen R;  O; with kernel
" = lim p’=p’® , and setT; = lim kerp forj = 1;:::;m, soeah Tj is a

Z--submadule of T-A and is an R;-module.

Sincethe ideals pf" are coprime, the pairwise intersectionsof the T; are all zero.
If we write |; = &; pf" then pjej and |; are coprime,soT; = lim I A['"] , but
alsol; + +1,=0,so0

TA= T (4.1)

4.2. Abelian varietieswith real multiplication
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Now x j and, for eacr r = 0;1;:::;¢, setF = lim kerp™ . This givesa
ltration

T =F° F' F°=(0); (4.2)

where"; F/ F/ *foreadr.

The ideal pj is generatedby * and an element x 2 O sud that *i k Ngo(x). We
then have dimg. (A[x]\ A[']) 6 2f; and x A[p]] A[pjr 1foreathr = 1;2;:::58,
whencerankz. F 6 2f; Jlgrankzx F/ Pl for eadh r. In particular, rankz. T; 6 2gf;.
But rankz. T = 29 = 2 ; f; = ;rankz Tj, sorankz Ty = 2gf; for ead j,
whencerank;. Fjr = 2rf; foreadh r and ead j.

F;* is then a free O;-module which is of rank 2f; over Z-. Since[O; : Z:] = fj,

F! is afreerank 2 O;-module. (4.3)

Now supposethat i(O9 Endi(A). The absolute Galois group Gy of k acts
on T-A, and presenesboth the decompsition (4.1) and ead ltration (4.2). Write
Gk ! Aut(T-A) for the Galois represemation on the Tate module. Then (4.1)
gives
yn
(Gk) Autr(T-A) = Autg, (T;): (4.4)
j=1

Let G; denote the image of - in Autg, (T;) for eadr j = 1;:::;m. We get a
sequenceof homomorphisms

Gj = H>! I H'! H=f1g (4.5)

whereeah map (H/ ! H/ %) is restriction from F to F/ *in the lItration (4.2).

In particular, (4.3) gives

H'  Auto, (F) = GLo(0)): (4.6)

Further, if 2 ker(H; ! er Hforr > 1,then( 1)isanR-linearmap FUOFf

which actsaszeroonF *. But "j( 1) Ff=( 1" F =( 1F *=(0),
so( 1)F/ Fe Hencewecanview( 1)asan O;-linear map (F/=F/ h Fi.

4.2. Abelian varietieswith real multiplication
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Now if ; 2 ker(H{ ! Hjr h, then ( 1)( 1) F = (0), which implies that

( D=( 1+ 1). Thus 7! 1 de nes a map from ker(H; ! er H to

the additive group Hom, (F=F" *;F). But F/=F' ' = F! = O? asO;-modules,
and sowe have

ker H' I H/ ' | My(0O))* = O (4.7)

To say more, we usethe following further information available to us, namely the

existenceof a Weil pairing.

Lemma 4.2.1 Let A=k be an akelian variety. Then, for each m 2 Z, there is a

nondegyeneate bilinear pairing €,:A[m] A-[m]! |, suchthat
() en(xy)=en(x y)foreach 2 G;
(i) if f:Al Ais a homomorphismthen &, (f (x);y) = en(X;f-(y));

(i) &mn (X y)" = e (nx; ny).
Pro of See[Mil86a, x16]. 2

Property (iii) allowsusto de ne a pairinge:T-A T-A-! Z.(1) asthe inverse
limit of the pairingsen. This is then a nondegeneratéilinear pairing.

If :A ! A- is a polarization (or, more generally a homomorphism)then we
deneg,=%e, (1 )ande =e (1 ), thisisthen an antisymmetric pairing
on T-A preciselywhen is a polarization [Mil86a, Prop 16.6].

Recall that the Rosati involution assaiated with  is given by
y. 70t -

Thereforee ( x;y) = e (x; Yy) for 2 End’(A), by part (ii) of the lemma.

Recall also that Gy acts on Z-(1) via the cyclotomic character -:Gy ! Z-.
Speci cally, if is a generatorof Z-(1) (a compatible choice of primitive ""th roots
of 1 for eatin), then = () foreah 2 Gy.

4.2. Abelian varietieswith real multiplication
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Soif we now assumethat y actsasthe identity oni(Q9 then T-A hasa Z--bilinear

antisymmetric pairing e sud that

e (x;i(ay) = e (i(a)x;y) fora2 O
ande (x; y)= () e(xy) for 2 Gy:

(Note that we are writing Z-(1) additively.) When is a principal polarization, then
we also have that e. is nondegenerate.

Fix 2 Gy, andthenwritet= -( )andV = TA Q t¥2 . Thene givesa
symplectic pairing (that is, onewhich is nondegeneratebilinear and alternating) on
V andt 2 .( ) is an elemen of Sp(V) (that is, it presenesthe given symplectic
pairing). It is well known that symplecticgroupsare generatedby their transvections
(see,for instance, [Die67, proposition 4]) and thus as a consequencehat Sp(V)

SL(V). Hencewe have

det .= 9 (4.8)

4.3 Abelian surfaces with real multiplication

We now record the results of the previous sectionin the caseg = 2 in the following

theorems.

Theorem 4.3.1 LetF be areal quadiatic eld with ring of integersO, and let A be
an akelian surface over k with i:0°! Endy(A), whee OYis an order in F.

Let * be a (rational) prime coprime to the conductor f (09 and let -:Gy !
GL4(Z+) be the Galois representationon the Tate module T-A; write G = -(Gg) and
R = limO="0. Then

@) if “isinert in F thenG ] GL,(R);
(i) if " splitsin F thenG ] GLy(Z') GLyx(Z);

@ii) if ~ ramies in F thenthereis an exactsequene 1! K ! G! H! 1, with
K! (Z)*andH | GLy(Z).

4.3. Abelian surfaceswith real multiplication



Chapter 4. The "-adic Galois represemations

56

Pro of

(i) Both (4.1) and (4.2) becometrivial, and so (4.6) givesthe result.

(i) Herethe decompsition (4.1) becomes
TA=T, T,

with Tq; T, freerank 2 Z--modules.

The lItrations (4.2) becometrivial, and O; = O, = Z-, so(4.4) and (4.6) give

the result.

(i) Herethe decompsition (4.1) is trivial, but the Itration (4.2) becomes

TA=F2 F' (0)

where F! is a free rank 2 Z--module. (4.5), (4.6) and (4.7) conbine to give

the short exact sequencef the statemert, wherewe write H = Aut,. (F') and

K =ker(G! H).

Theorem4.3.1hasalready given us someinformation about the imageof a Galois

represemation on T-(A), but we can now usethe pairing e to calculate that the

determinarnts of sud Galois represemations are given by the character -. First, a

lemma.

Lemma 4.3.2 Supmsethat S R are commutative rings with 1, and that M is

an R-module with an S-linear map t:R ! S and a nondegeneate antisymmetric

S-bilinear pairing :M M ! S satisfying
(i) (rq;ro) 7! t(rqry) is a perfect pairing and
i (rx;y)= (xry)forallx;y2M,r2R.

Thenthereisaunique :M M ! Rsuchthat =t . Further,

antisymmetric and R-bilinear.

iIs nondegeneate,

4.3. Abelian surfaceswith real multiplication
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Pro of Fixing x;y 2 M, we have an S-linear mapr 7! (rx;y), sothereis a unique
(X;y) 2 R sudh that t(r (x;y)) = (rx;y) forall x;y 2 M, r 2 R by (i). This

de nes
It follows immediately from the nondegeneracyf that is nondegenerate.To

chedk that is antisymmetric, we note that, by the de nition of and property (ii),
t(r (x;y)) = t(r (y;x)) forallr 2 Randall x;y2 M:

Property (i) implies that that (x;y) = (y;x) for x;y 2 M. The R-bilinearity of

follows similarly (again, using the assumptionthat t is perfect). 2

Theorem 4.3.3 Let F be a real quadiatic eld with ring of integersO, and let A be
an alelian surface over k with a principal polarization :A ! A- de ned overk and
i:0°%! Endg(A)¥! for someorder O%in F.

Let * be a prime which deesnot divide f (09, let -: G, ! GL4(Z') be the Galois
representationon T-A and let - be the cyclotomic character.

Thendet - = 2. Further,

(i) if ~isinert in F and 9 is the composition G, ! - (Gx) ! GL,(R), with the
seond map asin (4.3.1)(i), thendet %= -;

(i) if *splitsin F and %Gy! (Gk)! GL2(Z) GL2(Z), with the second map
asin (4.3.1)(ii), thendet(p, 9 = . =det(p, 9, wheer py;p.:GL»(Z")

GL,(Z) GLy(Z) are the projections onto each factor;

(i) if * ramies in F thenin the short exactseguene of (4.3.1)(iii)), K | Z3.

Pro of The rst assertionis just equation4.8.

() After (4.3.2)(i), T is afreerank 2 R-module, whereR = lim O="0.

The determinart of the bilinear form (rq;r;) 7! Trr=z (r1ir2) is the discriminant
of R=Z-, which is a unit in Z-, and so we can apply lemma 4.3.2to de ne
T T! Rsudhthat Trgz. = e.

4.3. Abelian surfaceswith real multiplication
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(ii)

(iii)

Now for 2 Gy, wehave () e (x;y) = Trr—z. (det °( ) (x;y)).

We canwrite R = Z-["] for someelemen " 2 RnZ- and so,given 2 Gy, can
write det 9 ) = s+ t" for somes;t 2 Z-. Since is nondegeneratewe can

choosex andy sothat (x;y) = 1. This givesthe equation

2 ()=2s+tTr("):

But now replacingx with "x givesthe equation

Tr(") ()= Tr(")s+ t(Tr(")®> 2N(")):

Eliminating s gives
tANC)  TH(")?) = 0

whencet = 0 since" 62Z-, andsodet 9 )=s= ().
With the notation of the proof of (4.3.1)(ii), T, = O, T andT,= O; T, but
0,0,T = (0). ThereforeT; T, .

Sincee is nondegenerateon T, e must restrict to a nondegenerategairing on
eat of T; and T,, and sofor 2 Gy we can apply equation 4.8 to eadt of T,
and T, separately

Take the notation of (4.3.1)(iii) again. Then (in a similar way to (ii) above) F?!

is totally isotropic for e . We can choosea Z:-basisfor F* and extgnd it to a

basisfor T sud that e is represeted by the matrix J = 01 ; in2 2
block form. |

Now, for 2 Gg, -( ) isrepreseted by a matrix of the form 0 with
respect to the samebasis. Then we know that -( )'J -( )= () J, which
impliesthat ' = ' and ' = () 1. Further, -( ) liesin the kernel
of restriction to F! exactly when = 1, and then the injection (4.7), which is

«( ) 7' , hasimageconained in the symmetric matrices.

4.3. Abelian surfaceswith real multiplication
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We are most interestedin the Galoisrepresemations on the 2-division points, and

sorecordthe following corollary explicitly.

Corollary 4.3.4 Supmsethat F;O;A; ; i are asin (4.3.3). Let —, be the Galois
representationon A[2], and write G = —,(Gy).
Then

(i) if 2isinert in F thenG | As;
(i) if 2splitsin F thenG | S S

(i) if 2ramies in F thenthereis an exactsgquene 1! H! G! K ! 1 with
H! (z=22)andK | S..

Pro of We usethe fact that  is trivial modulo 2, along with the following isomor-
phisms: SL,(F4) ! As via the natural action on P}(F,); and GL,(F,) ! S; via the

natural action on P*(F»). 2

We note that P. Bending [Ben9g hasiderti ed the Galois group G in case(iii)
above more precisely: we shall seein the following section that G is naturally a
subgroup of S5, and Bending shows that, up to conjugacy G is cortained in the
subgrouph(1 245);(13)(46)i = C, S

4.4 Connexions with curves of genus 2

Let C be a curve of gerus 2 de ned over k and write J = JadqC), sothat J is
an abelian surfaceover k with a natural principal polarization . Notice that the
nonzero2-division points on J canbeiderti ed with the pairs of distinct Weierstrass
points on C|this follows from the generaldescription of the Jacobianin section2.2,
along with the fact that the hyperelliptic involution on C extendsto multiplication

by ( 1) onJ. Now J[2] is a 4-dimensionalF,-vector space,and this phenomenonis

an exampleof a well-known isomorphismof groups.
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In general,let V be any 4-dimensionalvector spaceover F, which carriesa sym-

plectic form. Then we have the following.

Lemma 4.4.1 There is a bijection between the nonzeo elementsof V and the set

of pairs of distinct elementsof B = f1;2;3;4;5;6g which induces an isomorphism
SpiV) = Ss.

Pro of We equipthe setP €¢"(B) of even-cardinality subsetsof B with the structure
of an F,-vector spaceby consideringit as a set of functions B ! F, (so addition is
given by taking symmetric di erences). This vector spacenow carries a degenerate
alternating pairing hX;Yi = #X \ Y (mod 2) with radical f; ;Bg. Putting W =
P e(B)=f; ;Bg, we obtain a symplectic F,-vector spacewhose nonzero elemerts
arein bijection with cardinality 2 subsetsfi; jg of B. (If we denotethe classoffi; jg

in W by [i; ], then f[1; 2]; [4; 5]; [2; 3]; [5; 6]g is a symplectic basisfor W over F», that
0 1

is with respect to this basisthe pairing is represeted by the matrix J = 10

in 2 2-block form.)

A choiceof symplecticbasisfor V inducesan isomorphismV ! W of symplectic
vector spaces,and so a bijection betweenthe nonzeroelemerts of V and subsets
fi;jg B aswell asanisomorphismSp(V) ! Sp(W) of groups.

Now it is readily chededthat the action of the symmetricgroup Ss on B givesrise
to a linear action of S on W which respectsthe pairing h ; i, and soan embedding
S ! Sp(W). But # Sp(W) = 720= #Ss andsoSp(V) = S, asclaimed. 2

Notice that a similar construction shovs more generallythat, for ead |, we have
an injection Sy.2 ! Sp,(F2). Note also that for any two isomorphismsV = W
as in the lemma, the correspnding isomorphismsSp(V) = S dier by an inner

automorphism of S.

We considerV = J[2] with the symplectic form &,, and identify B with the set
of Weierstrasspoints of C, or equivalertly with the branch locus of a canonicalmap
C ! PL Thusthe Gy-action on V is determined by and determinesthe G,-action

on B by the previouslemma. Rephrasingthis,
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Lemma 4.4.2 Supmsethat Y2 = f(X) is anane model of C, wheef is a sextic
polynomial over k. Then the image of —,(Gk) in S is conjugateto the Galois group

of f overk.

Now supposefurther that there is an enbeddingi:Z[ ]} End(J)**! (wherey is
the Rosati involution inducedby ). Let G bethe imageof —,(Gy) in S;. Notice that
by (4.3.4),if im(i) Endk(J), then G embedsin a copy of As in S5. Howeer, the G-
action on B is genericallytransitiv e, and sowe expect that G is actually cortained in
oneof the six transitiv e copiesof As cortained in Sg. There is preciselyone conjugacy
classof sudh subgroups,and oneof thesesubgroupsis A := h(1 23 45);(1 6)(2 5)i.
This leadsus to expect that if im(i) Endc(J) then G Al up to conjugacyin Ss.
Of coursetheorem 3.3.2tells us somethingjust like this, and we can now restateit as

Theorem 4.4.3 With C, J andi:Z[ ]! End(J) asalove,im(i) Endg(J) if and
only if G AY up to conjugacyin S.

Note that the form of this result is peculiar to the caseof maximal real multipli-
cation by Q(p 5). First, in this casewe do have an explicit description of the real
multiplication. Secondly if J has maximal real multiplication by Q(p d), whered
is a (positive) squarefreeinteger,d 6 1 (mod 4) and End(J) is comnutativ e, then
the restriction of the multiplication to J[2] is necessarilyde ned over k: given any

2ka, the endomorphism i(" d) is a squareroot of d in End(J), somust be one of
i( d).

4.5 Making polarizations principal

We nish this chapter with somework which, while not directly related to the "-adic
Galoisrepresemations arising from RM abelian varieties, usessomesimilar techniques
to the earlier sections.Our rst result returns to the issueof making a real multipli-

cation be maximal after isogery, asin section2.5. Beforethat we needto recall some

of the theory of polarizations, and x someterminology.
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By amap :(A; )! (B; 9 of polarized abelian varieties, we shall meana map

‘Al B sud that = ° When we say that amap :(A; )! (B; 9 of

polarized abelian varieties is de ned over the eld k, we shall meanthat ead of A,
B, , %and :A! B isde ned overk.

Let (A; ) beapolarizedabelian variety de ned over a number eld k. We de ne
apairing e onker asfollows: givena;a’2 ker , choosem sud that ma= 0= ma°
and b 2 A(k) sud that mb = a° then sete (a;a) = &,(a; (b). Note that this
makessensesincem (b) = (a9 = 0; the de nition is alsoindepender of the choice

of band m, and e is an alternating pairing (see[Mil86a, x16]).

Lemma 4.5.1 Let M be a free madule over a principal ideal domain R and supmse
the characteristic of R is not 2. Supmse given a nondeggeneate antisymmetric and
R-bilinear pairing h; i:M M ! R, and a nonzeo R-endomorphism" of M such

that hu;"vi = RH'u; vi for all u;v2 M. Then
(i) "(v)2v’ forallv2 M and
(i) rankg(im") is even.
Pro of
(i) Givenv2 M, we have h'(v);vi = hv;"(v)i = h "(v);vi.

(i) Dene (;):im" im"! R asfollows: givenu;v 2 im", choosew 2 " %(u) and
set(u;v) = hw;vi. This is independen of the choiceof w sinceker"  (im")?;
it is alsoclearly bilinear.

Givenu 2 im" nf 0g, choosew®sothat ru;w4 6 0, and choosew 2 " *(u). Put
v = "w? and then (u;v) = hw;vi = hu;w4 6 0. Hence( ; ) is nondegenerate.
Further, givenu = "(w) and v = "(W9, we have (v;u) = hwCui = hv;wi =
hw;vi = (u;v).

Since(; ):im" im" ! R is nondegenerate R-bilinear and antisymmetric,

im" must be of even rank.
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If (A; ) is a polarized abelian variety, we shall usey to denote the assaiated
Rosati involution on End’(A). Note that 2 End®(A) is xed by y if and only if

= - . We thereforede ne
End(A)7! := f 2 End(A) j = - q

Lemma 4.5.2 Let :(A; )! (B; 9 be anisogenyde ned over a numter eld k,
and supmseR  Endi(A)¥! preservesker . Then inducesR ! Endc(B)¥.

Pro of It isclearthat inducesamapR ! End(B). Let 2 R andlet bethe
induced endomorphismof B sothat the following diagram commutes.

A——A

? ?

B — B

If = 0then for all a2 A(k) we have (a) 2 ker . Supposen kills ker , and
choosea’2 A(k) sud that na®= a. Then (a)=n (a9 = 0. Thus = Oandso
inducesR ! End(B).

Forany 2 Gy, we have ( ) = () ( )= () ( )=0,whence
= since is surjective. Hencethe imageof R liesin Endy(B).
Also, = - implies -( %) = -(-9 ,whence ° = - 9 arguing as

before. Thus the imageof R commutes with the Rosati involution as claimed. 2

Prop osition 4.5.3 Let (A; ) be a polarized akelian variety over a numker eld k.

(i) A homomorphism :A! A- is a polarization if and only if the pairings e. are

antisymmetric.

(i) Supmwsethat 2 Endc(A)¥*! is anisogeny. Then = © for somepolarization

%on A de ned overk if and only if ker ker .
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(i) Letf:A! B beanisogenyde nedoverk. Then =f Ofor somepolarization
%on B de ned over k if and only if ker kerf and the pairing e s trivial
on kerf  kerf.

Pro of

(i) [Mil86a, proposition 16.6].

(Note that Milne prefaceshis theorem 16.5with the hypothesisthat k is alge-
braically closed. Sincewe are working over a number eld, hencea perfect eld,

the results we quote extend to our situation|cf. [Mil86a, remark 16.14].)

(i) Necesswy is clear. For su ciency, note that we can de ne a homomorphism
“A! A-,denedoverk,sudhthat = 0.

Now let a= (a,) 2 T-A. By the de nitions,

8n(anian) = 8n(an; Yan) = en(an; ());

whereb= () 2 T'A satises b, = a,.

Thereis anisogely °sudthat ° = deg . Supposethat deg = "'s, where
" doesnot divide s. Then

(deg ) En+r(@n+r; (hsr))
Envr(@ners (© bher))

€ (@ner; Y@n+r))

0;

S Br(an;an)

wherethe last step applies(4.5.1)(i).

We concludefrom (i) that °is a polarization.

(i) [Mil86a, proposition 16.8].

Note that in (i), deg = deg deg ° andin (i), deg = (degf)?deg °
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Theorem 4.5.4 LetF beareal quadatic eld. LetR° R beordersin F and write
[R°: R] = n. Let (A; ) be a polarized atelian surfaee, de ned over a number eld k,
and supmwsethat there is an emleddingi:R | Endg(A)¥"!, that deg is coprime to
n, and that n is odd.

Then thereis anisogeny :A! B de ned overk and a polarization °on B also
de ned over k suchthat deg °= deg andR°] End.(B)¥™".

Pro of We may clearly supposethat R is maximal amongordersof F cortained in R°®
which embed in End,(A)¥=. We shall then proceedby an induction on n, observing
that the casen = 1 s trivial.

For n > 1 choosea prime " dividing n, and write n = °s. Write R%= Z[ ] for
some 2 F,thenset °= s , and usethe construction in the proof of proposition
2.5.4t0 nd B with an action of Z[ 9. More precisely take to be an isogely with
kernelCZ[ 9) A[?).

Now we have that ker A[’], and that

“ker = (CZ[ D A[1=im( °jALD):
Thus# ker = %' wheret = dime. im(C %j A[')).

Set o =3 . Thenker o A[®] ker . Also,if a;a®2 ker and ?b= a°
then

e (a;d) = ex(a; a(b)
ez(a;” (29

e (Ca; ad:

But nowa= ("")canda’= (""9cfor some"; "°2 Z[ 9 and somec;c°2 A[?], so

er(@a)=2a((")e (")
=28 (%" 9¢;cH
=0
Henceby proposition 4.5.3(iii)), A = O for somepolarization °on B, de ned
over k. Note that 12 deg
deg °= @y = *22 Y deg:
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Further, applying lemma4.5.2to :(A; A)! (B; 9 showsthat the action of Z[ 9
on B will be de ned over k and xed by the Rosati involution. All that remains,
then, is to show that t = 2.

Note that e is a nondegeneratepairing on T-A since” -deg . Also, (C 9 is not
zeroon A['] sincewe are assumingthat A does not have an action of Z[ 9. Thus
t = dime im(C °j A[']) is even by lemma4.5.1(ii).

Also, C 92="(C @) actsaszeroon A['], andsoim(" °j A[']) ker(C °jA[)]).
Hencet 6 2 by the rank-nullity formula. 2

Now we considerthe problem of reducingthe degreeof a polarization via isogely.
The following lemma is concernedwith what can be said without referenceto any

real multiplication.

Lemma 4.5.5 Let(A; ) bea polarized alelian variety de ned overa numter eld k.
Thenthereis anisogeny :A! B de ned overk anda polarization °on B, alsode-
ned overk, suchthat for eachprime dividing deg °, wehavethat (ker 9['* ] is prop-
erly contained in B['] and is of evendimension over F-. Moreover, End,(A)¥™! |
Endy(B)¥! via

Pro of Write = ker . We shall induct on deg , taking as our basecasesthose
where [ "1 ] ( A['] for eadh ".

In general,suppose” is a prime dividing deg . If [ 1] A["]foranyn> 1
then we can nd a polarization °on A such that = " %by proposition 4.5.3(ii).
Thus we reduceto the casewhere [ "1 ]+ A['"] for all n > 1.

Now choosethe minimal n > 1 suc that [ 1] A['"], that is, such that
['*]= ['"]. Supposen > 1. Then " [ 2] ['], and > [ ?] 6 (0), for
otherwisewe would have™ 2 [ "]  [?]= [ ], whence[ *]=[""]=["" 1]
cortradicting the minimality of n.

Let a;a®2 * [ “?], and chooseb 2 [ *?] such that 'b = a Then e (a;a%) =
e(a; (b)) = 0, sinceb2 ker . Hence,by proposition 4.5.3(iii), we have an isogery

(A; )! (B; 9 dened overk, with ker =" ["?]. Thendeg °< deg and,
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sincethe action of Endy (A)Y"! presenesker , wehavethat inducesEnd,(A)Y™! |
End,(B)¥™!, by lemma4.5.2.

In this way we reduceto the casewhere [ 1] ( A[']. The assertionabout the
dimensionof [ ! ] follows from the fact that the degreeof a polarization is always a
square[Mil86a, theorem 13.3(a)]. 2

Note that if A is an abelian surfacethis reducesthe degreeof a given polarization
to the squareof a squarefreeinteger (without making the endomorphismring any

smaller). Given a real multiplication we can say more.

Lemma 4.5.6 LetF be areal quadatic eld, andlet R bean orderin F. Let (A; )
be a polarized atelian surface with an emkedding R ! End(A)¥=1. Then every prime
factor of deg which doesnot divide the conductor of R is either split or ramied in
F.

Pro of Write  for the discriminant of R, and write deg = d?. Thenlet H 4
denote the moduli spaceof triples (A; ; i) formed of a polarized abelian surfaceA,
a polarization with deg = d?, and an embeddingi:R | End(A)*!. In [vdG88,
chapter IX, x2], van der Geer descritesH .4 as a quotient of the Siegelupper half
plane of degree2, and shovsthat H .4 6 ; exactly when is a squaremodulo 4d.

The result as stated is now a straightforward deduction. 2

Theorem 4.5.7 Let F be a real quadiatic eld of classnumkber 1, and let R be an
order in F. Let (A; ) be a polarized atelian surface over a numbker eld k, and
supmwsethere is an emleddingi:R ] End,(A)*"t. Write deg = (did,)?, wheee d,
is odd and coprime to the conductor of R.

Then there is an isogeny :A ! B de ned over k and a polarization °on B,
also de ned over k, suchthat (deg 9'*? is a squaefree divisor of d;, and R |
End,(B)¥™'.

Pro of Write = ker . After lemma4.5.5we are reducedto consideringsquarefree

valuesof (deg )™ sud that, for ead prime ~ dividing deg , wehave [ 1] A[]
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and dimg ([ 1 ]) = 2. Under this assumption,write deg = (d.d»)? with d; and d,
asin the statemeri of the theorem. If d, = 1 then the result is trivial. Otherwise,
let © be a prime divisor of d,. After lemma 4.5.6, we know that " is either split or

ramied in F.

Supposethat ~ splits in F, with O = pyp,. This inducesa decomposition [ '] =
[ p] [ p2] (cf. equation4.1).

Supposethat both factorsare nonzero.Then [ p,] is 1-dimensionaland rationally
de ned. The pairing e is alternating, sowill be trivial on [ p;] [ p:] and sowe
may take anisogery :(A; )! (B; 9 with ker = [ p.] by proposition 4.5.3(iii).
Note that deg °= " ?deg . Also, R presenes [ p;], and soR | Endc(B)¥** by
lemma4.5.2,and we are done by the inductive hypothesis.

Supposeinstead that one of the factors is zero. Without lossof generality, then,
we have [ '] = [ pi] = Alp]. Now p, = O for some 2 O, and so we can
apply proposition 4.5.3(ii) to give a polarization °on A such that = © . Again,

deg °= " 2deg and we are doneby the inductive hypothesis.

Supposethat * ramies in F, with O = p?. Thisinduces[ '] [p] (0). Note
thatp ['] [plandso [ p] & (0). We now proceedexactly asin the casewhen”

splits in F, since [ p] is of dimension1 or 2 over F-. 2

We areinterestedin applying theorems4.5.4and 4.5.7to the 2-dimensionalfactors
of Jo(N), particularly thosewith RM by Q(p 5). Hereit seemshat in almost every
caseonecan assertthat the given abelian variety is isogenougo onewith a principal
polarization and maximal RM by Q(p 5). In particular, the numerical data in section

A.4 illustrates lemma4.5.6 very well.
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The moduli space

5.1 Ab elian surfaces with level 2 structure

By a level 2 structure on a principally polarized abelian surface(A; ) we shall mean

an isomorphismA[2] ! F2 of F,-vector spaceswhich carries the Weil pairing &, to
0 1
the standard pairing on F, described by the matrix J = 1o in 2 2 block

form.

One way to descrile a curve C of gerus 2 up to isomorphismis to specify the
branch locus of the canonicalmap C ! P! up to projective equivalence(seesection
2.1). As we have seenin section4.4, choosing a level 2 structure on J = JaqC) is
equivalent to choosing an ordering of this branch locus, so we can obtain a moduli
spacefor principally polarized abelian surfaceswith level 2 structure by considering
the spaceof ordered sextuplesof points of P modulo projective equivalence,that is

P? = (PY)%=PGL,. We canewen give a simple concretemodel for this moduli space,

asfollows.
Let Z P®° bethe Sare cubic that is the variety de ned by
X6 X6
z = 22=0
i=1 i=1

It is provedin [DO8E] that the following descritesan isomorphismP? | Z. (The

computationsin [DO8§] are heavy, although clearly set out; in what follows a great
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deal is omitted. In particular, the crossratios (ij ) de ned below are far from in-
dependen, and much useis made of the relations between them, without explicit

reference.)

Supposewe start with a point of P£. This is represeted by an ordered sextuple
of points (& : h) 2 P* (i = 1;:::;6). Write (ij ) for the cross-mtio (aih ah), and

form the following v e numbers.

t1 = (12)(34)(56); 12 = (13)(24)(56); ts = (12)(35)(46);
ts = (13)(25)(46); ts = (14)(25)(36):

We then make the following linear changeof variablesto de ne P{ ! Z.

z1= 2ty ty ty3+tytts;

Z, = 2+ t+tzt+ty s
Zz= 1tz tg+ ts
Zp=thttz ty s

zz= 1y t3t+iy g

and Zg = 1o tz 14+ ts:

Working with theseexplicit forms, we can verify that any permutation 2 Sg of
the points (g : b) correspndsto the permutation °“ of the coordinates z;, where

out S ! & is the outer automorphismwhich maps

(12) 7! (14)(23)(56);
(23) 7! (15)(26)(34);
(34) 7! (14)(25)(36);
(45) 7! (15)(23)(46);
and (56) 7! (14)(26)(35):
(For the purposesof the veri cation, werecommendrst usingacomputeralgebra

padageto expandthe z; in terms of the g and hy. It seemsat rst sigh that there

is a sign changefor odd permutations but, of course,we are free to rescalethe z;.)

5.1. Abelian surfaceswith level 2 structure
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In the interpretation of Z as a coarsemoduli spacefor abelian surfaceswith
level 2 structure, this implies that the natural permutation action on Z comesfrom
consideringthe sameabelian surfacewith di erent level 2 structures. Hencewe can
regard P2=S; asa coarsemoduli spacefor principally polarized abelian surfaces:the
guotient map correspndsto \forgetting" the level 2 structure. We also seethat if
the point z 2 Z corresppndsto a nonsingularcurve C of gerus 2, then z liesin the
locusZ®=fz2Zjz+2z 6 0fori6jg.

5.2 The relation with the invariants

i(X) = ;x]. Weshallalsowrite ( x):= " (xi x;)sothat ( x)?is the usual
discriminant of the polynomial ~_ (T  x;).
If f(T) is a polynomial in one variable, then we use the shorthand notation
i(f (X)) = i(f(x1);:::;T(Xn)), and similarly for ;(f (x)).

Igusain [Igu60] de nes four integral invariants 1, 14, |5, and | 1o of a sextic form

\6
fOX;Y)= (X &Y):
i=1
Writing (ij ) == (& @), theseare given by
X
I, = (12)%(34)*(56)
15 _terms
(12)%(23)*(31)*(45)°(56)*(64)*
10)2erms (5.1)
(12)%(23)*(31)*(45)(56)*(64)*(14)*(25)*(36)°

60 terms

L4

le

andlp = ( @)%
wherethe sumsare over all symmetric conjugatesof the summand. (Our notation
hereis that of [Wan95];in [Igu6( theseinvariants are called A, B, C and D. One

should beware that theseinvariants are not the sameasthe |, de ned in [Liu94].)

5.2. The relation with the invariants
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The relations are asfollows.
2= 2(2);
32,= 642 22)%
64l ¢ 66(2)+ 7 22) 4(2) 2(2)3

and 21| 10 — 5(2)2:

(5.2)

|, is easyto calculatein termsof zy;:::; 2
X 2 X 1 2 5 1
I = (12)(34)(56) = 5(21"' ) = 2 2(2) + > 2(2) = 2(2)
because 1(2)? = 0= (2) + 2 »(2).
Q _asQ e
Togetlo wenotethat = (z+z)= 2" "5 (ij)° but then
YS 5 X5 5 i
(za+z)=23+ 77" (22:23124,25,26) = (1) 22 Z3; 24, Z5, Z6);
j=2 i=1
Q

using 1(z) = 3(z) = 0. Thus (z+z)= 5(2)° andso2 5= 5(2)%

i<j

The relationsfor the other two invariants wereobtained by a\brute force" calcula-
tion, using Mathematica to write ead of | 4, I 5, and the power sums ,(z); 4(2); «(2)
in terms of the elemertary symmetric functions ;(a), then doingalittle linear algebra

to deducewhat the coe cien ts are.

Igusaalsode nes three absoluteinvariants (wheneer | 15 6 0).

. 1> . 1314 . 1216
i1:= = i:= “—andiz:= =—: (5.3)
I 10 10 10

5.3 Ab elian surfaces with IC)B-multiplication

It is proved in [vdG8§ that the variety Y  P* given by

X5 S
yi = yy=0

i=1 i=1

5.3. Abelian surfaceswith P 5-multiplication
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is a moduli spacefor principally polarized abelian surfacesA with level 2 structure
and an embeddingi:Z[ ]! End(A)¥**!.
It is then provedin [SBT97,lemma2.4]that the mapj:Y ! Z induced by their

moduli interpretations is given, up to the permutation action of Ss on Z, by

Jr(y) 7TV (ByE oY) tdy: o oY) idyE o ay) 4y oY) tdAvE a(Y) i oa(Y)):

(As already remarked, the permutation action on Z correspndsto the di erent

choicesof level 2 structure.)

Let us examinethe intersectionof Y with the hyperplanede ned by ys = 0. The
other coordinatesys, Y», Y3 and y, are then roots of a polynomial with no odd degree
terms, sowe may orderys, Yo, Y3, Y4 SOothat y; + y, = ys+y, = 0. In other words, this
intersectionis the union of 3 lines, the orbit of (s: s:t: t:0)underpermutation
of the rst four coordinates. We let Y° be the complemen in Y of the 15linesin the

orbit of (s: s:t: t:0)underthe natural Ss-action on P%.
Lemma 5.3.1 j is an emtedding whenrestricted to Y °.

Pro of Supposethat j(y) = j (y9 for points y;y°2 Y. Then, for somechoice of signs
" 2f+1; 19,y = "jyPforeadhi = 1;2;3;4;5. Put N = #fij";, = +1g.

If N = 0;5theny = y°

If N = 1;4 then somey; = 0 because ;(y) = 1(y%) = 0; after permuting by an
elemen of S5, we may supposethat ys = 0.

If N = 2;3then, up to Ss-conjugacy ys+ ya+ Y5 = Y3+ yi+ y2 = 0, which implies
(after possiblefurther re-ordering) that ys = O.

The remarks above now show that y lies on oneof the linesin Y nY?©, 2

This begsthe question of the moduli interpretation of the locusY nY° The
image of Y nY? under j lies in the union of the lines which are in the orbit of
(s:s: s: s:t: t)underthe S-actiononZ. But, referringto the end of section

5.1, such points lie in Z nZ°, and so corresnd to choicesof six points of P* which

5.3. Abelian surfaceswith P 5-multiplication
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are no longer all distinct. This meansthat points of Y nY? do not correspnd to

curvesof gerus 2.

We now computethe imagej (Y) Z, proceedingin a number of steps,usingthe
various relations between the power sums and elemenary symmetric polynomials.
Let y = (y;) beapoint of Y, andj (y) = (z) beits imagein Z.

(1) First, 1(y®) = 20y) = 1(y)*> 2 2(y) implies

1Y) = 2 5(y):

(2) Secondly (y)? = 2(y?) + 2 1(y) s(y) 2 4(y), and sowe have 3(y?)? =

4 5(y?) 8 4(y)
) 8ay)= 1Y) 23] :

(3) Squaringagain, 4(y)?2= 4(y®)+ 2 s(y) 3(y) = 4(y?
) 64,00 = 1(YDF 2,0 %

(4) We havethe identity 24 ,= { 62 ,+83,3+ 32 64 andsowe obtain

the relation

51(y9)* 36 1(y*)? 2(y?) + 64 1(y?) 3(Y?) + 12 2(y?)* 48 4(y*) = O:

(5) We can ewaluate the power sumsof z;;:::;zs in terms of the even power sums
of yi;:::5ys
1(2) = 0;

2(2) = 16 5(y?) 2 1(Y?)%
3(2) = 64 3(y>) 48 (y?) 1(y?) + 8 1(y?)* = 0;
and 4(z) = 2564(y%) 256 3(y%) 1(Y?) + 96 2(y%) 1(y?)? 10 1(y?)*:
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(6) We then invert theserelations to obtain:

1(y2) = Zg,
) = 5 22)+ 575
V) = o (D7 57
AN oY) = 5es a(D) + g oD ol

(7) Finally, we substitute from (6) into (4) to obtain the relation

1228 4 ,(2)zE+ 2(2)* 44(2) =0

We now know that j(Y) Z\ H whereH P® is the hypersurfacede ned by
the equationin (7) above. The degreeof Z\ H is 12, and soto chedk equality we
shaw that j (Y) hasdegreel2 aswell.

A hyperplanein P° pulls bad underj to a diagonalquadricin P*, andindeedevery
diagonalquadric in P* is the pullback underj of a hyperplanein P°. The intersection
of Y and two diagonal quadrics in general position consists of twelve points. It
follows that the intersectionofj (Y) with two hyperplanesin generalposition consists
of twelve points, that is that the degreesofj(Y) andZ\ H areequal.

Thusj (Y) is the variety in P° de ned by the equations
1(2) = 3(z)=0and12z5 42(2)zg+ 2(2)® 44(2) =0

If wewrite s; = i(21;22;23;24;25) (SO i(2) = z6S; 1 + Si) then theseequations
can be rewritten as

S+ 2= 0; S3= 515, and s5 = 4sy! (5.4)
5.4 Rationalit y questions

Let k be a number eld. Supposethat C is a curve of gerus 2, de ned over the

algebraic closurek. Let J = Jac(C) and let z be any correspnding point of the
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moduli spaceZ. The curve C is de ned up to isomorphism by the branch locus
ap; ay; as; a4, as, ag of a canonicalmap C ! P! up to projective equivalence;we can
de ne, then, the invariants of the curve C to be the invariants of this sextuple of
points asde ned in equations(5.1) and (5.3).

In this sectionwe descrike di erent conditionsto do with \de nition over k" and

characterizethem in terms of the coordinates of the point z 2 Z. We shall talk of

i(2) but, of course theseare only de ned up to scaling ; 7! ' ; and soa statemert
suth as\ (z) 2 k" really means\there is somechoiceof z;;:::;zs sudrthat (z) 2 k
andz = (z;: : Zg)."

We start by examiningwhat it meansfor the absoluteinvariants of C to lie in k.

Lemma 5.4.1 If C admitsa doublecover :C! Q of a planeconic Q de ned over
k suchthat the branch locus of is alsode ned overk theniq;i,;iz 2 k. If further
C hasno nontrivial automorphismsthen the converseis also true.

In any case,iq;i,; iz 2 k correspndsto ,(2); 4(2); s5(2); &(2) 2 k.

Pro of The correspndencei;iz;iz 2 kto 2(2); 4(2); s(2); «(z) 2 k follows from
the formulae (5.2) and the remark that we are freeto rescalethe z;.

Now, for any Galois automorphism 2 Gy, it is clear from the de nitions (5.1)
that the invariants | ¢ all satisfyls( C) = 15(C), and soit followsthat i4, i, andiz all
liein k if andonly if C and C aregeometricallyisomorphicfor all 2 Gg. (Compare
this with our generaldiscussionon rational points of coarsemoduli spacesn section
2.3.) But given :C! Q asinthe statemert ofthelemma, = lisadouble
cover C! Q with the samebranch locusas and soC and C are geometrically
isomorphic.

Conversely in the casethat C hasno nontrivial automorphisms,Mestre [Mes914
givesan explicit construction of a plane conic Q and a plane cubic M sud that C
admits a double cover of Q with branch locusQ\ M, and sud that Q and M are

de ned overthe eld k(iq;iz;iz). 2
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Lemma 5.4.2 C admits a doublecover :C! Q of a planeconic Q de ned over k
with branchlocus alsode ned over k if and only if the Kummer surface K = J=h 1i

hasa maodel over k.

Pro of Suppose :C ! Q is asin the statemert, and let B be the branch locuson
Q. Then we canrecover K from the double cyclic cover of P? branched over the six
lineswhich are the tangerts to Q at points of B asin [Jak94, x1]. (Seealsothe proof
of theorem 3.1.3.)

Conversely supposethat K hasa model over k. We claim that the node P on K

which lies under the zeroof J is de ned over k. Then projection through P to P? is

over k. The compositonC! J! K ! P?thendenesadoublecover :C! Q
of a conicde ned over k. The linesL; aretangert to Q and the branch locusof s
the set of intersectionsL; \ Q.

To prove the claim, let Py be the zeroonJ andlet 2 Gi. Now Py is represemned
by any degreeQ divisor on C of the form = T i(T). But then mapsto the zero
of J becausei(T)=i(T). If gJ! K isthe natural map, then qis the natural
map J! K (herewe usethat K is de ned over k) and q( Pg) = (q(Po)). But
there is somek-isomorphism :J ! J sud that q = gandso g( Po) = q(Po),
whenceP = (Po) is a k-point of K. 2

Notice that 1,;14;16;110 2 k is not su cient for C (or equivalertly, J) to have a
model over k. The further condition (assumingthat C has no nontrivial automor-
phisms)is that the conic Q of lemma5.4.1 has a k-point [Mes91h x2.1], or equiva-
lently, that the tangert coneat the node on K lying below the zeroon J cortains a
rational ray [CF96, theorem 3.10.1].

We can rewrite this, taking our cuefrom the discussionin section2.3.

Lemma 5.4.3 Supmsethat the invariants iq;i,; iz of the curve C lie in k, and that

C has no nontrival automorphisms. Then C de nes a class[ ] 2 H(Gy; PGL,(k))
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which degendsonly on the k-isomorphismclassof C and whichis trivial exactlywhen

C hasa madel over k.

Pro of After lemma5.4.1, we know that a curve C asin the statemernt de nes a
k-point of the moduli spaceP{=S;. This point of PS=S; correspndsto the choice of

beingthe branach locusof a canonicalmap C ! P!, Now, asin our generaldiscussion
in section2.3, for eahh 2 G, wecandene ( ) to bethe unique k-automorphism

of P! which carriesf aj;:::; agg onto fas;:::;asg. Thus C de nes a 1-cacycle
with valuesin Aut (P*=k) = PGL(Kk).
Varying fay;:::; agg within the sameprojective equivalenceclass,or equivalernly

varyingthe mapC ! P?, replaces ( ) with () () 'forsome 2 Aut(P=k),
and hencethe class[ ] 2 H(Gy;Aut(P*=k)) is well-de ned by the k-isomorphism

classof C.
If C hasa model over k then we can choosethe a; to be de ned over k as a set,
andso = 1. If [ Jistrivial, thenthereissome 2 Aut(P!) sucdhthat = ()

forall 2 Gy, andsovaryingthe mapC ! Plby 1 givesamapwith branch locus

de ned over k, which meansthat C hasa model over k. 2

Now the cohomologyset H1(G,;PGL,(k)) classi es forms of P! over k [Ser68
Xx6], that is k-isomorphismclassesof conicsde ned over k, and the classof a given
conic Q s trivial exactly when Q(k) 6 ;. As already mentioned in the proof of
lemmab5.4.1, Mestre [Mes91b]hasgiven an explicit construction for the conic arising
in this manner from a curve of gerus 2. Chedking whether C has a model over k
then becomesat least computationally, a straightforward matter. We discussthis in

detail in chapter 6.

Now supposethat the curve C is de ned over k, that is that the branch locus

Galois and, indeed, that Gal(k(z)=k) = Gal(k(a)=k)°“! in S5, whereout is the outer
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automorphism descriked in section5.1. If, further, C has maximal RM by Q(IO 5)
then, by theorem 4.4.3, Gal(k(a)=k) is cortained in AY; this is mapped by out to a
copy of As which xes oneof the z. Thus we have the following.

Prop osition 5.4.4 If C hasamadeloverk andJ hasmaximal RM byQ(ID 5) de ned
over k then the asseiated point z2 j(Y) Z satises

a copy of As which xes one of the z;. (In particular, z 2 k for somei.)

Note that the converseis not true sincethe obstruction describked in lemmabs.4.3

may be nontrivial. We presen an exampleof this in section6.1.

5.5 Mo duli for curves with g 5-multiplication

Looking at the equations(5.4) for j (Y) and proposition 5.4.4, we seethat we can
choosezg; s, and s = s(z) asmoduli for curvesC of gerus 2 such that J = Jac(C)
has maximal real multiplication by Q(IO 5). (We disregardthe level 2 structure, and
so can re-orderthe coordinatesof z at will.)

We can rewrite equations(5.2) in terms of thesenew invariants, using the equa-

tions (5.4). After a little algebrathesebecome

I, = 2s,+ 225,,
161, = (s, + 222)%;

4= (S 229) (5.5)
64| 6 — 3626 5 16 4(352 22§)

and 2191 ;4 2

Next, we obsenethat (T) := Qi5:1 (T z) canbe written

(T) = (T+ 2)(T?+ 2507 s

5.5. Moduli for curveswith P 5-multiplication



Chapter 5. The moduli space 80

and hasdiscriminant 1= ( z1;:::;25)? given by

— = 8(828s2+ 127853+ 62255+ S3)  8(3223 + 50zs, + 1252653) 5+ 3125 2 (5.6)

5
We wish to determine those curves C of gerus 2 de ned over k sud that J =
Jac(C) has maximal real multiplication by Q(p 5), alsode ned over k. Proposition
5.4.4tells usthat sud C will be given by certain choicesof zg; s;; 5 2 k which make
1 a squarein k. We can parametrize sud triples. The rst point to note is that

we can completethe squarefor 5 on the right-hand side of equation (5.6) and then

obtain
5T2 = T2+ T3TZ (5.7)
wherewe write
T, = 2(552 82%),
T, = 5s, + 22%,
- 5 3 2 (5.8)
and T} = 625

5

The variety T (in weighted projective space)whoseequation is given in (5.7) is
a rational variety. Note that the formulaein (5.8) do not give a 1-1 correspndence
betweenpoints of T and the triples (ze;S»; s) in which we are interested, but we can
get round this by choosinga parametrization of T carefully. To be precise,let ustake
three parameters
2 T4 T3

Ui = =Z, Uy = and us = :
17 5% 72T 907, T, 7 101, T,

This gives a parametrization of T, and also parametrizesthe triples (zs;S2; s)

sudh that ; is a square. Explicitly, we have

2Zs = Buq;

s, = 10(U? + 5u2 U

2(27u3 + 225.5u3  45udus + 50ufusu;  10uZud

and 5

+ 50Qu;u5  20Quiu3u3 + 20uiug + 20QUsus  80usu3 + 8u3):
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This completesour description of the moduli space.

For completenesssake, we list the invariants (ze;S;; s) for the family of curves

Cag Of equation (3.5).

76(Cag) = 2B+ 7 TA+ A?%
S2(Cag) = 2( 13+ 26A 7A%+ 2A%+ 4B A%+ 4A%B)
and 5(Cag) = 2°A%(117 338A + 223A2 106A°%+ 29A* 4A° 114B + 240AB
112A%B + 26A°B + 37B? 42AB?+ A%B? 4B3):

We alsolist (zg;s2; 5) for Brumer's family [Bru95, equation 6.2], namely

Cohed: Y2+ (X3+ X + 1+ c(X%2+ X)Y=b+ (1+ 30X + (1 bd+ 3pX?
+ (b 2bd d)X3 bdx*

Z6(Cheq) = 2(5+ 2b+ 3c 2+ 2d+ 4bo);
S2(Cheq) = 2°(9+ 220 P 9bc+ b + 4d+ 5bd  4kPd + 3cd
+c2d d® 4bd)
and 5(Cpeg) = 211(103+ 484+ 5617 270°+ 3%k 27bc 25X°c 42
560¢ + 2P 63 1308+ KPS+ ¢+ ¢ bC
+ 34d+ 121bd+ 660°d  108&°d + 147cd+ 627bcd
+ 720fcd  360°cd+ 43c°d  74béd  334°c*d  5c3d
63cd+ 400°c*d  6¢*d  12bdd+ Kctd+ c°d + 9bcd
béd+ 81d% + 381bdf + 4567 24p°d?
+ 63cd? + 96bcd  13APc  144°cd + 36c%d?
+ 80bCd? + 152732 8°Ad? S 5CH? 7P
+ béd? + 12 270 216d 5287
416°d® + 160°d® + 36bcd + 19°cd® + 144°cd’
8rdd®  488°AdE + 160°d* + 640d*):
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Finding equations for curv es

6.1 Equations for curv es with IOB—muItipIication

Now that we have an explicit description of the moduli spaceof pairs of a curve C of
gerus 2 and an action i of Z[ ] on Jac(C), and know somethingabout the locus cut
out by sud pairs (C; i) which are de ned over Q, our aim is to descrite thesecurves
by equations.

There is a method for constructing an equation for a curve of gerus 2 from its
invariants descriked by Mestre [Mes91h (which has already beenalluded to in the
proof of lemma5.4.1),but a rst stepis to tabulate someappropriate valuesfor our
invariants (zs;sz; s). We can, of course,scalesothat zg;s,; s are all integers, but
it is better, in orderto cortrol the powersof 2 that arise,to take zg 2 %Z, Sy, 52 Z.
We note in this casethat 2 divides eah of s, and .

Another point is that although we could use the parametrization at the end of
section 5.5, we prefer to stick with (zg;Sz; 5) sincethis gives somecortrol over the
discriminant of the curve, and so (hopefully) over the conductor.

The results of an exhaustive seard for appropriate valuesof (zg;S,; ) over the

rangej sj 6 206,js,j 6 50,06 zz 6 50 are tabulated in sectionA.3.

Now we review Mestre's method brie y. He usesa di erent set of invariants (as

originally given by Clebsdt in the previous certury) and, rather than de ne them

82
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here,we shall simply expressthem in terms of our chosenset of invariants in the case
of RM by Q(p 5).
First, he takesa set of invariants (A; B; C; D) which correspnd to (I2;14;16;110)
and which are givenin terms of (zs; Sp; 5) by
23 5A=s; 7g;
5B = 755  4s,z5 + 12z,
2°375°C

3s3+ 100 525 2655z 4s,zg + 828

and 2'13°51°D

2s5 31252+ 19065 sz 48%5z2 680G, 523
+1520s3z¢ + 400 525 1208528 + 1605,28 + 4823°:
Mestre also de nes seral further invariants fA; j 16 i;j 6 3gandfa;,j16

I; J; k 6 3g, which canall be written in terms of (A; B;C; D). We simply copy these
relations from [Mes91b]. Note that A; = A;; for all i;j andthat a;x = axj = gk

for all i; j; k.
All =2C+ %AB A12 = %(B2 + AC)
A13 =D A22 =D (61)
A= iB(B2+ AC) + 1C(2C + 1AB) As= iBD + 2C(B?+ AC)

3631, = 8(A2C  6BC + 9D)

36a;1, = 4(2B°+ 4ABC + 12C2+ 3AD)

36a;13 = 4(AB3+ FA?BC + 4B?C + 6AC? + 3BD)

362122 = 363113

36a23 = 2(2B*+ 4AB2C + 2A%C2+ 4BC2+ 3ABD + 12CD)

36ai3s = 2(AB*+ 2A?B2C + £B3C + 2ABC?+ 8C3
+3B2D + 2ACD)

36322 = 4(3B*+ 6AB2C + 8A2C2+ 2BC? 3CD)

36323 = 2( 2B3C 2ABC2 4C%+ 9B2D + 8ACD)

36ax33 = 2(B®+ 2AB3C + $A?BC2+ 2B2C? BCD + 9D?)

36az33 = 2B*C  4AB?C? PA’C® ZBC3+ 9B3D
+12AB CD + 20C2D

(6.2)
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Chapter 6. Finding equationsfor curves 84

Let us supposethat we have a curve C with maximal RM by Q(p 5), with invari-
ants (zg;S2; s5), and supposefor now that C hasno nontrivial automorphisms. (We
shall examinethe casesvhereAut (C)™ is not trivial in section6.3.) The crucial fact

is that if we de ne a plane conicL and cubic M by the equations

X
L: Aij XiXj = 0

)EJ'
and M : ajj kXiXj Xk = 0;
i)k
then the curve C can be recovered as a double cover of L branched over the points
of L\ M.

In order to write an equation for C in the usual shape, then, we must calculate
the equationfor L, and project through a point P on L to determine the imagesof
L\ M in P The relations are sud that if zs;s,; 52 Q thenL and M are de ned
over Q and soC hasa model over Q exactly whenwe canchooseP 2 L(Q). Thisisa
concreteversion of the obstruction descriked in lemma5.4.3,and raisesthe question
of how to nd points on conics,which we discussin section6.2.

It is alsoworth noting that Mestre de nes an invariant R sud that the discrimi-
nart of the conicL is 2R?. When C hasmaximal RM by Q(IO 5), then R? is a square

multiple of the discriminant ; de ned in equation (5.6). Explicitly,

230318520 R2 = (422 + 4z8s, + 2585 2 5)% 1 (6.3)

Now, as has beenremarked before, not all of the rational choicesfor (zg;s;; s)
which make ; a squareactually correspnd to a curve with a model over Q. One
examplewhere the obstruction is nontrivial is provided by taking zg = 7=2, s, = 8
and s = 14. We can che& (by using the criteria of section 6.3) that a curve with

theseinvariants hasno nontrivial automorphisms. In this case,the invariants A; are

A - _ 1655981 . - 124837043
117 2592000000 127 1555200000000
Ao A, - _ 6150111571 A . _ 255358687187
137 ™22 7 933120000000000 23~ 559872000000000000
9642570072739
and Aszz =

3359232000000000000:00
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We can transform the equationfor L to
X3 5x3 26x3 2Xpx3= 0

(seesection 6.2), and now it is a routine matter to ched that L(Q) = ; sincethis

new equation hasdiscriminant 3 43 but hasno 3-adic points and no 43-adicpoints.

Finally for this section,we give an examplein detail to shav how the calculation
goes. We start from zg = 5=2, s, = 18 and 5 = 206. (This isomorphismclasshas a
Jacobianwhich is a simple factor of Jo(103) and appearsin Wang's tables [Wan99.)

From the formulae (5.5), we obtain

47 612 11 14593 _10%
2= i la= i le= 5 andl = 55

Calculating the invariants A; gives

A o 219743 A . 10108301
1™ 864000000 127 518400000000
N 3718418807 . 52268246549
137 7227 311040000000000 %7 186624000000000000
24852 14
and Ag = 9248523360143

111974400000000000000
Note that R = (7 23 103)(2'%5%%) and , = 203232103, in accordancewith
equation (6.3).

By using the methods of section6.2, the equationfor L can be reducedto give

83 + 11X3 + 2X1Xa + 2X1X3 + 4XoX3 = O;
after the samechangeof coordinates, the equation for M becomes

13753 + 136505x, + 181502x3 + 1800k1x3 + 162908 ;X X3
+ 44100,x2 807X + 895442xs + 340104,x2 + 39983 = 0

The conic L hasan obvious Q-point, namely (1 : 0 : 0). Projecting through this
point, the imagesof L\ M are the roots of the sextic polynomial

3411%°% 268&° 6512*+ 11864Q°% 2942(° + 3037X + 34877;
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scalingx by a factor of 2 givesthe polynomial
f(x)= 53%° 84x® 4070*+ 1483%° 73552+ 15186 + 34877
This polynomial has Galois group cortained in A asit should (seetheorem4.4.3).
Now the invariants for the model we have hereare
|, = 2351947 1,= 225%%61%; 1= 2°5°°11 14593and |4, = 2'?5°°10F:

Comparing these with the oneswe started with it is at least clear that we have a
curve from the correct Q-isomorphismclass. However, we would preferto nd an
equationy? = g(x) sud that the odd part of the discriminant of g is 10%; then the
conductor of this curve would have no odd factors other than 103. Note that the
invariants (zs;s,; s5) determine only the Q-isomorphismclassof the curve, whereas
the conductor varieswith the Q-isomorphismclass.

In this case,we might considera twist de ned over Q(p 5). Speci cally, consider
the curve y? = 5f (x). Liu's program genus2reduction calculatesa Z[1=2]-minimal

model y? = g(x) for this curve, where

5 f (25x + 18)
2665° + 11496° + 2063%* + 1971&° + 1058%2 + 303k + 361

9(x)

We note that the discriminart of g is 22103 and that the odd part of the conductor

of this curve is 102.

There is now one more technique we useto reducethe sizeof the coe cien ts. Let
usde ne the sizeof a polynomial to be the sum of the squaresof the coe cien ts. Now,
given an equationy? = g(x), we cantransform by a linear changeto the x-coordinate
to ensurethat the new coe cient of x° is lessthan 6 times the coe cient of x8 in
modulus. Very often this will reducethe sizeof the polynomial on the right-hand side
aswell. Then we are free to reversethe order of the coe cien ts on the right-hand
side (that is, to make the changeof coordinates(x;y) 7! (1=x;y=x%)) and repeat this

processfor aslong asthe sizeof the right-hand side cortinuesto decrease.
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For the equationy? = g(x) above, we nd that we can transform to

1 3x
4x 1
x8+ 6x5  19x*+ 223 10x%+ 1

2

(4x 1)°g

y

The table of invariants in sectionA.3 lists whether or not the asseiated curve has
a model over Q. When there is a model over Q, an equation has beenfound using
the methods descrilked above (including the techniquesfor reducing the sizesof the
coe cien ts). Further, the odd part of the conductor of the model hasbeencalculated

using genus2reduction , and theseare tabulated.

6.2 Finding points on conics

A key step in the proceduredescrited in the previous sectionis the e ectiv e deter-
mination of points on conicsde ned over Q. We now outline the methods usedin

compiling the table in sectionA.3.

Supposethat the conic L has the equation given by the symmetric matrix A.
We shall say that we transform by the matrix P 2 GL,(Q) if we make a coordinate
transformation soasto replaceA by P'AP. We may supposethat the initial matrix
hasentries in Z, and at ead stagewe note that we are freeto clearthe denominators

and remove commonfactors from the transformed matrix PtAP.

First, we describe a procedurereducedetwhich nds a matrix P sud that the
transformed matrix P'AP has squarefreedeterminart.

Supposethat p is a prime sud that p? j detA. Then there is somelinear com-
bination (over Z) of the rows of A which is a multiple of p. Thus there is some

P; 2 SLs(Z) sudh that

oOOO1

P.'AP, E@O X (mod p):
0

6.2. Finding points on conics
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We can readily determine sudy a matrix P; given a nonzerovector in the kernel of
A mod p, and suc a vector can be found by performing row reduction on A mod p.
(Comparewith [Coh95 algorithm 2.3.1],which computesthe kernel of a matrix.)

Sincep? j detA, one of the following two casesmust hold:
(1) p? dividesthe top left ertry in P1'AP4; or
(2) p dividesthe determinart of the bottom right 2 2 minor of P,'AP;.

In case(l), we may further transform by the matrix

0, 0 01
p
P2: %0 1 0&,
0 01

note that det(P,'P,'AP,P,) = p 2detA.

In case(2), we may transform by someP, 2 SL3(Z) sothat

00001

P,'P,'AP, P, %)o 0 OX (mod p):
0 O

Transformingfurther by the matrix P3; = diag(1; 1; p), we may cleara factor of p from
(P1P2P3)tA(P1P2P3). The determinart of this transformed matrix is then p ! detA.
Iterating this processfor every prime p sud that p? divides the determinart, we

arrive at a transformed matrix which has squarefreedeterminant asdesired.

In our exampleat the end of section 6.1 (starting from zz = 5=2, s, = 18 and
5 = 206) we have the following initial matrix for L after clearingdenominatorsand
commonfactors:
0 28478692800000000 4127393016000000 13386307705200(3'0
A= %D 4127393016000000 1338630770520000 31360947929400&:
1338630770520000 31360947929400 9248523360143

The determinart of A is 23832152272232103,
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Applying reducedetwe nd that
0 2587456485 927383819 330552046%
A; = LP'AP = %) 927383819 332388556 1184748862 ;
3305520465 1184748867 4222859640
whereP = 2 133 85 57 123 1103 1 PO (6.4)
0 11485777794 4124446201 14670927982 1
and P = %) 2114602809840 759332751096 2701009664400%:

10678273891200038272305916800136416875040000
Note that det(A;) = 15.

Our next stepis to try to perform further unimodular transformations so as to
reducethe sizeof the ertries in the transformed matrix. For our purposes,we shall
calla3 3 symmetricinteger matrix A = (a; ) reduced if it satis es the inequalities
jausj 6 jagoj 6 jassj, aswell as 3jay1j > jaszj;jaisj Whenay; 6 0, and Jjagzj > jags
when a; 6 0. We aim to transform a given matrix into a reducedmatrix by some
P 2 SLs(Z), and proceedby a naeve approad.

Let swap denotethe following procedure:given A, nd apermutation 2 S; sud
that ja (1. (1)) 6 ja . (] 6 Ja (3); 3] by performing a bubble sort on the triple
(Jaaj;jazj;jag)); let P be the permutation matrix correspnding to

Then de ne the procedurereduce rstasfollows: call swapand then, whena;; 6 0,

transform by the matrix 0 1
1 00
%} qg 1 OX ;
® 01

whereq is the closestintegerto a;,=a;; and ¢°is the closestintegerto a;s=a1, repeat-
ing both stepsuntil the transformedmatrix A satis esja;;j 6 jax] 6 jazs] aswell as
3ja11j > jauaj;jassj whenag; 6 0.

Now de ne reduceas follows: call reduce rstand then, when ay, 6 0, transform

by the matrix
0 1 0 01
%}0 1 OX ;
0O q1

6.2. Finding points on conics
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where q is the closestinteger to a,s=a,, repeating both stepsuntil the transformed
matrix is reduced.
Note that for arbitrary initial matrices,reduceneednot terminate. In the following

exampleead direction of the arrow indicates one completeloop in reduce

0 5 5 3t 0 5 5 4t
B2 51K - B2 5 2K
3 15 4 2 5

When encdling reduce the easiestway to avoid this problem is simply to restrict
the maximum number of iterations allowed; a maximum of 12 iterations su ced for
the casesencourtered in compiling the table in section A.3. We note that, in these
casesreduceterminates for all but the curve correspndingto zg = 9=2, s, = 4 and
5 = 106. Further, this method producestransformed matrices with much smaller
ertries than the original matrices. We also note that, experimertally at least, reduce
doesterminate very often (tests with a large number of random matrices suggesta
failure rate of lessthan 2%).
Taking up our example again, applying reduceto the matrix A; of (6.4), we

determinethat

Op 1 11 O 56854 59680 1401771
A= QAQ= 1 8 2% whereQ= f 12420 13037 3062X :
12 11 41019 43058 10113

In the examplewe have beenfollowing, we have an obvious rational point on the
transformedequationfor L, namely(1: 0: 0). It neednot always be the casethat the
transformedequation producedby applying reducedetind reducehassud an obvious
rational point, and sowe needsomeway to nd rational points in general.

Suppose,then, that we are givena 3 3 symmetric integer matrix A = (a; ).

Theorem 6.2.1 (Cassels, Davenport) Given that the equation x!Ax = 0 hasa
nonzep solution x 2 Z3, there is a solution with

X3 x3
0< xi263—2 aj

6.2. Finding points on conics
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Pro of In this form, this is quotedfrom [Dav57], usingthe fact that Hermite's constart
2 IS 2:IO 3, achieved by the triangular lattice A,. Note that there is a slight error in

the original paper which hasbeencorrectedin the collectedworks. 2

Thus a simple seard procedureyields an e ective method for determining integer
points on a conic, if there are any. We may apply our proceduresreducedetand
reduceto assumethat detA is squarefreeand to reducethe sizeof the seart region
suggestedby theorem6.2.1. It is alsousefulto solve x!Ax = 0 modulo detA in order
to reducethe sizeof the seart regionfurther. When doing this in practice, onemight
consider rst nding amatrix P 2 SL3(Z) sud that P'AP is diagonalmodulo det(A)
as this then reducesthe problem to determining square-ramts modulo primes, which

can be doneby Shanks'algorithm [Coh95 algorithm 1.5.1].

The combination of reducedetreduceand then the method of seart suggested
above does seemin practice to be a very fast method of nding rational points on
conics. Also, when applied as part of the method of section6.1 for nding equations
for curvesof gerus 2 with a P 5-multiplication, this technique seemsa good way to

reducethe sizeof the coe cien ts of the nal equation.

6.3 Curv es with nontrivial automorphisms

In this sectionwe examinethe invariants for those curvesof gerus 2 with nontrivial
automorphismsand maximal RM by Q(IO 5). Theseare preciselythose not covered
by the methods of section6.1.

We shall work from Bolza's classi cation (seesection2.5), and we are particularly
interested in those curvesde ned over Q with the RM by Q(p 5) also de ned over
Q. Bolzagivesa secondtable, which we reproduce here,which classi esthe di erent

reducedautomorphismgroupsin terms of Clebsd's invariants.

6.3. Curveswith nontrivial automorphisms
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Type | Aut™ Relations betweeninvariants
I C2 R=0 A11A22 A%Z 60
[ Cs [A=B=C=0 D60

[l D, |3AB? 6BC+4A2C 18D =0 D60
4B+ 5ABC+6C2 3AD =0 6C2 B3%*60

IV | Ds |6C2 B3=0 D60

9D 2B(6C+ AB) =0 2AB  15C 6 0
V | D, |6B A2=D=6C+AB=0 A60
VI S, |[B=c=D=0 A6 0

As we remarkedin section2.5, it is possibleto view typesl and I1I{VI asspecial-
izations of the samecondition, and it is straightforward to verify that this condition
isjust R = 0.

A curve of type Il hasCM by a 5th root of unity and so sud a curve will always
have maximal RM by Q(p 5). Moreover, all thesecurvesare geometricallyisomorphic;
the correspnding point of our moduli spacej(Y) is just given by zs = s, = 0.
However, then the discriminant  ; becomes3125 2, and so none of thesecurvescan
be de ned over Q and have the RM by Q(ID 5) de ned over Q aswell.

Now let us look at the other cases. Let C be a (smooth) curve over Q with
maximal RM by Q(p 5) de ned over Q, and with a nortrivial automorphism of order
2 (that is C liesin oneof cased, or I1{VI). Asremarkedin section2.5, the Jacobian
of C must be isogenousover Q to a product of elliptic curves; for there to be RM
by Q(Io 5), the Jacobianmust be isogenoudo the squareof an elliptic curve and the
RM is then de ned over Q whenthis isogely is de ned over Q.

In terms of invariants, we must have that R = 0, which, from equation (6.3),
forcesone of

5=0; 1=0, 0r2 5= 4zg+ 4238, + S52:

We cannot have 5 = 0 sincethen C would be singular. Also, assumingthe third

6.3. Curveswith nontrivial automorphisms
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condition allows us to write

4 1= (325, + 37z5)(sp + 1822)%(sp + 226)%

Henceone of the following two casesmust hold:

(2)

1=0;

2 5= 4z + 4z3s, + 7555 With 32s, + 3723 a squarein Q.

Now we can nd all the rational invariants (zg; S,; s) for nonsingularcurveswhich

lie in typeslII{Vl. We have two conditionshere,namelyR = OandA1;A» A2, = 0.

We canwrite out R? and A;3A2, A%, aspolynomialsin zg, s, and s, and then take

the resultant with respectto s: this must be zero if theseinvariants give a curve

with an automorphismgroup asin typesll{VI. This condition factorizesto

S5z3(5s, + 222)%(5s;  822)%(32s, + 3722)%(s, + 1829)%(s, + 222)*

and sowe have just se\en relations betweenzg and s, to ched.

(1)

(2)
®3)

(4)
()

If s, = 0 then the two conditions become

I
o

2(256z3 31255)(2z5  s)°
andzs 5( 3752 257 5+ 16z20)

I
o

sothe only choiceis to take 5= 0, which leadsto a singular curve.
If z¢ = 0 then we again are forcedto take 5= 0.

If 5s, + Zzg = 0 then we must take 31255 = 1282, and so we have that
(ze;s2; 5)  (5; 1G,128),that is theseare equalup to rescaling. This appears

in our table in sectionA.3 and is of type I11.
If 5s, 8z = 0weget(zs;S2; s5) (5,40,1728),and this curve s of type IV.

If 32s, + 37z5 = Owe get (zs;S2; 5) (8, 74 11664)and this is of type I11.

6.3. Curveswith nontrivial automorphisms



Chapter 6. Finding equationsfor curves 94

(6) If s;+ 1822 = Oweget(zs;S2; s) (1; 18 128). This is givenin our table in
sectionA.3 and is of type IV.

(7) Last, taking s, + 2zZ forces s = 0.

It is quite a simple matter to nd equationsfor thesecurvesof typesllil and IV.
One can take the canonicalform given by Bolza (seethe table in section 2.5), and
write down the invariants A, B, C and D in terms of the parametersin the form,
then solve the resulting simultaneousequations.

As an example,take case6 above, where (zs;S,; 5) (1; 18,128). This is of

type IV, somust have an equation of the shape
y2= x84+ x3+1
for some . The invariants for such a model are

1
A= —@40 2
20( )

1 2 4
B = 522500+ 100 )
— 1 2 4 6
C= 562506125000+ 7500 “+ 150 *+ °)
and D 03125000 (6250000+ 500000 15000 200 )

and taking (zs;s2; 5) (1; 18 128)translatesto taking Clebsd's invariants to be
(A;B;C;D) ( 1960,49=375Q343562500 26411=18B4375000).

Solvingthe simultaneousequationsgiven by equating (B =A2); (C=A%) and (D =A%)
gives4 2+ 11= 0. This is not yet a model over Q, but we only needto rescalex

and y to obtain the equation

y2= 1x® 13+ 4

The other casesare dealt with in a similar way, and the results are tabulated in
sectionA.3. A point to note is that the modelswe producein this way do not have
the RM by Q(IO 5) de ned over Q, although sometwist will do.

6.3. Curveswith nontrivial automorphisms
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Tables

A.1 Principally polarized factors of Jo(N) with pE—

multiplication

Wang [Wan95] has determinedthe 2-dimensionalfactors of Jo(N) for N < 200and,
in the casethat the factor is principally polarized, has calculated values of Igusa's
invariants which give a curve whoseJacobianis isogenougo the givenfactor of Jo(N ).
In the table, N is the conductor,and zg; S,; 5 arethe invariants de ned in sections
5.1and 5.3.
| have usedthe methods of section6.1to nd modelsfor thesecurves,largely asa
way of cheding the method by verifying that the models produced have the correct

conductor. Theseare given by taking y2 = f (x), wheref is astabulated.

95
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N | 2z 15 25 f(x)
23|13 5 2 23 23 x®+ 2x5 2%+ 50x® 58%+ 3% 11
31| 23 2 31 312 | x5 2x5 8Ix*+ 463 68K%+ 46x 447
67 3? 67 | x5+ 8x> 184+ 14x® 3?2 2+ 1
73 3? 73 | x® 2x5 3x*+ 6x3+ 6x2 16k + 9
87| 5 2 3 3229 x84+ 2x4+ 6x3+ 11x°+ 6x + 3
93 | 32 13 3?31 [x® exc+b5x*+6x3+ 2x2 1
103 3? 103 | x®+ 6x°> 194+ 223 1x2+ 1
107 2 3 107 x8+ 10x> 37x*+ 311&° 1201%2
+22456x 16575

115 3 5223 x®+ 6x°> Bx4+ 10x3 2x% 1
125| 5 0 53 X%+ 4x> 20x* 8x® 16(k? 12&% 64
133| 83 2 37 41 7219 7x% 985  40%*  204x® + 11112

722 + 137
133| 7 3? 7 19 | x5 8x°+ 10x* 6x3+5x2 2x+1
161 7 2 35 7223 | 5x5 6x> 37* 36x%+ 1I1x2+ 42 + 85
167| 3 2 167 x84+ 2x5+ 3x4  14x3+ 2% 1ex+ 7
175 1 2 7 5272 17x5 + 26x5 + 155%* 573+ 770k?

464 + 247
177 3 22 3 59 3%+ 56x* + 176k + 27X% + 19X + 64
177 17 223219 3?5659 | 3x6 12>  10x*+ 14x® x? 6x+ 63
188| 2 35 2°47 | x5+ 34x*+ 463+ 315&%° + 1079X% + 14785
191| 7 223 191 | x® 6x°+ 5x4+ 23+ 2%+ 1

A.1. Principally polarizedfactors of Jo(N) with P 5-multiplication
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A.2

We list the odd part of the conductorsof the curvesCpg , asgivenin equation (3.5),
with parametervaluesA = 1 and 206 B 6 20. Note that the odd part of the

conductor is the squareof the tabulated value Nyqq.

These values were computed using Liu's program genus2reduction . This pro-
gram also gives someinformation about the reduction type modulo 2 and in eadh

casethe Jacobianhad potentially good reduction at 2 asthe product of two elliptic

curvesead with j-invariant O.

Some conductors of the curv es Cag

B 20 19 18 17 16 15 14
Noga || 53 557| 25153 | 17 1249| 17737 112 7 13 131|41 233
B 13 12 11 10 9 8 7
Noga || 11 683|53 109| 29 149 | 3121 2153 7 199 | 19 43
B 6 5 4 3 2 1 0
Nodd 401 112 47 127 11 13 7 17 79
B 1 2 3 4 5 6 7
Nodd 47 47 103 239 479 7 112 1367
B 8 9 10 11 12 13 14
Nodgd | 2063 |11 269| 4079 |13 419| 19 373 | 7 1289 | 11279
B 15 16 17 18 19 20
Nogg | 13879 |17 991| 112167 |29 827|163 173| 7 11 61

A.2. Someconductorsof the curvesCag
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A.3 Invariants for curv es with p_!}m ultiplication

The table below lists all possibleinvariants for curvesC de ned over Q with maximal
real multiplication by Q(p 5) also de ned over Q with j sj 6 206js,j 6 50 and
zs 6 50 (note that we always choosezs > 0). The fourth column indicates one of
three things. If the assaiated curves have nontrivial automorphismsthen the type
of the reducedautomorphismgroup (asin section6.3) is indicated. If the assaiated
curves have no nontrivial automorphisms,and also no model de ned over Q, then
this column is left blank. Otherwise, we give a polynomial f (x) sud that y? = f (x)
is an equationfor a curve from the relevant isomorphismclass. (Theseequationswere
found using the methods detailed in chapter 6.) For these equations,the odd part
NZ2,, of the conductor is alsotabulated, as calculated using genus2conductor.

We note that, of the 93 tabulated setsof valuesfor the invariants, 19 give curves

with nontrivial automorphisms. Of the remaining 74 cases57 have a model de ned

over Q.

225 | 352 | 3 s Nodd
1 3 1| Typel

3 22 1 |3x%+ 8x5+ 54x* 26x3 17%%+ 21& 73 29
3 1 1 | Typel

5 0 1 3%+ 34x5+ 155+ 20x® 12%? 14x+ 37| 5°
0| 5 | 22 | x®+4x>+5x2 8x+3 53
3| 28| 22| Typel

5| 0 | 22 | Typel

5 0 5 7x®  8X5 25x* 1403+ 552 34x + 41 54
5 0 5 x®+ 10x* 3x® 5x2+ 18& 5 54
3 2 | 7 |11x8+ 26x5+ 59x% + 26x3  26x®> 5X 37 7 19
5125 7 13x% 2x5 2%x*+ 30x3+ 50x? 11X + 63 527

A.3. Invariants for curveswith P 5-multiplication
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N odd

N
N
<)
|
wn
N
N
o

0 5 | 22 |Typel

22 3 22 | Typel

5 35| 3 |Typel

5 0 3? X8 12> 1x* 103+ 5x2+ 6x+ 9 35
7 3 3 | Typel

3 22 11 [ 51%°® 615&%° 1445%* 1063+ 607%?
1355 16423 11 7722
0 5 223 x® Bx*+ 1x> 1%+ 5 35

3 22 13 | 435%5 7574° 1924%*+ 138028&3

11747%?2 + 288458 + 356525 13 8%
0 5 2* | 4x5 Bx*+ 15k 2x + 8 5°
1 2 24
22 1 24 36+ 20x°>  25x* + 24x3 + 12?2
17 + 161 112
5 0 24 | 4x8+ 4x5  35x*+ 5x2+ 28x + 13 5°
23| 5 24

7 2’3 | 2% | Typel
3? 2 | 2¢ |Typel
25 11 24

25| 35| 2¢ 156 + 55> 102%* 680x3 869%?
440x 796 5219

5 35| 17| x5 125+ 10x* 10x3+ 552 66x+ 23| 5°17

A.3. Invariants for curveswith P 5-multiplication
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225 | 350 | 35 Nogd
5 2 3 17 17%®  360k° + 59«* + 15583 + 941x?
+774x + 721 11717 19
35 25 17 | 181x% + 64x> 543x* 1293%% 6352
+5338x + 1577 5311217
22 3 225 | 3998%° + 3217x°> 8016k* 5716¢3
+18535%2 45974 40991 5 112312
5 0 225 | 4x®  4x®+ 5k + 10x3+ 25¢2+ 8x + 8 54
3 25 23 x5 2x5 34+ 10x3 6x% 4x+ 5 23
5 22 23
2 3 1 233
35| 2 5| 233 | 96x® + 1536¢° + 365+  4461%3 + 12684%?
12676& + 42672 3 5579
11| 3 5| 5 |Typel
41 24 52
1 7 | 3 |Typel
3 1211 3% | 23K° 85&°> 65%K*+ 2783 + 451x?
+5880x + 2007 3 449
5 5 32 | Typel
5 2 3 3|38 T&O+ 821x*+ 173 + 1252
+2466x + 1035 3 29
31 2 3| 3 |30%° 2020&%° 11424%* 2074543
10714%% + 6220X% + 56169 3 997
0 5 227 1758 35k  25x* + 7003 + 16152
+1666x + 665 537

A.3. Invariants for curveswith

P 5-multiplication
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225 | 350 | 3 s Nodd
22 5 227 1% 22> 36Ix* 54k 14X?

44x 149 7 8%
223 13 227 x5 4x5 1x*+ 10x3 6x%> 16x+ 3 7 1712
7 2 | 31 X6+ 2x5 x* 23+ 6x2 4x+ 3 31
2 5 2°
3 25 25 | 2x8+ 4x5+ 26K*  284x3 + 1036¢?
+160x 64 412
3? 22 |3 11
13 | 233 | 2232 | Typel
0 5 | 2211 | x®+ 2x°+ 15¢*+ 10x?+ 2x 1 5211
5 0 P53x8 6x5 25x4+ 7Ok TOx?+ 48 21 3 5¢
3 7 72| 7x® 14x5+ 41x* 4683 631x?
1054« 1017 7 1712
5 35 72 x5 8x®+ 1x* TOx3+ 5x2 2+ 1 5372
5 2 7 72
5 0 72 | 5x®  ex®+ 25x4  10x3+ 1x? 7 57
1 223 53 101x® + 4945 + 161x* + 31743 + 477>
+3916x + 1215 53 23¢%
3 2 53 | 1893%% 161&° 56681%*+ 11732343
80160%2 + 312448& 138601 11253 712
5 2 5| 227 [ x®+ 2x5+ 3x* + 183 + 382 + 448 + 256 57
35| 22 59 |296%° 3116° 1743%*+ 2329063
+20565¢?>  4009% + 14609 559 61?
29 25| 59 |13x® 11&° 231x*+ 174X%3+ 567>
+5776x + 1973 59 612

A.3. Invariants for curveswith P 5-multiplication
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225 | 35 | 35 Nogd
3 22 61 1633%5 831x5+ 2411x“+ 187136°
+428800k% + 444416 + 643072 61 107
13 23 61 | 15x%+ 68X° + 841%* + 4419&3 + 11011&2
+12245X% + 42955 1121961
2 3? 2% | TypelV
2 3| 7 25 | Typel
25 5 26 | Typelll
1 3? 67 | x®+ 8x> 184+ 14x3 3x* 2x+1 67
223 11 2217
5 2 71
3 2 11 71 | 106 3985 + 519%* 3221x%% 10458%?
9155k 22251 71 359
0 5 2332 | 3755 + 254 + 2503 + 10(k? + 15x + 2 35
22 37| 2832 |Typel
22 3 2232 | Typel
1 2 3 73
3 25 73 | 2198%°6 + 3859&° + 11923&* 628816&°
+322908&%?2 7615232 + 4081216 19°41273
5 225 73
5 3? 73 [ x5 2x> 3x*+ 6x3+ 6x2 16x+ 9 73
1 2 3 79 429%5 186X%° 3056%* 890543
11813%2 100466 28569 11229279
3 2 3* |23x® 30x> 355x* 9306(°+ 89066%°
4238718 + 10374527 3 3712

A.3. Invariants for curveswith P 5-multiplication
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22| 12 | 3 s Nodd
59 22 | 3 57x8  16X5+ 151%* 150X3 349&?

+6876x 3189 3P
1 3? 83 | 61x5 1445+ 125&* 6423+ 112%2
54x 91 83 187
5|25 | 83 |x5+2¢ 3x* 11x® 15 11X 39 5°83
5 223 | 89
11| 2 5 | 89
5 3 5| 97|5x% 7945+ 191x* 102k3 39252
305« 1003 5311297
22 P | 2252 158+ 40k 10x*  224¢3 + 5052
47« + 185 52472
22| 3 5 |2252|12%® 50x°> 71%* 543+ 257%?
+910x + 1615 5 5¢%
5| 25 |101] x%+ 28°+ 140k*+ 80x3 + 48k + 256¢x + 192| 5°101
5 3? 103 [ x®+ 6x°> 1x*+ 223 1x?+ 1 103

Now we alsolist equationsfor those casesof curvesfrom typeslll and IV (refer

to section6.3).

Type|zs S 5 Equation
v 1 18 128 |y?= 11x® 11x3+ 4
I |5 10 128 | y?= x(5x*+ 5x?+ 1)
IV |5 40 1728| y?=5x®+10x3+ 1
[l | 8 74 11664|y? = x(9x*+ 14x2+ 9)
A.3. Invariants for curveswith P 5-multiplication
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A.4  Factors of Jo(N) with IOE—muItipIication

Extending the table in [Wan95], Wang has determined all the 2-dimensionalfactors
of Jo(N) for N 6 750 (communicated by email). The table belowv extracts from this
information thoselevelsN with a 2-dimensionalfactor with RM by Q(p 5).

For suth a factor A, let R denote the largest order in Q(p 5) which embedsin
Endg(A). Then the column headedby n in the table lists the conductor [Z] ] : R]
when this is greaterthan 1. The abelian variety A carriesa natural polarization
and d in the table is de ned by deg = d?. Again, we only list those valuesof d
which are greaterthan 1.

We also considerapplying theorems4.5.4and 4.5.7to reducen and d by taking
isogenies.The columnsheadedn, and dp list upper boundsfor the smallestattainable
values(again, when theseare greaterthan 1)|they are the best upper boundsthat
we can assertfrom theorems4.5.4 and 4.5.7, in the sensethat there will be a Q-
isogenousabelian variety B with an action of an order R° Q(IO 5), de ned over Q,
sud that the conductor of R° divides ng, and a polarization °on B, also de ned

over Q, suc that the degreeof °divides d3.

We note that there are 270 abelian varieties represered in the table. The only
obstructionsto making any variety represeted in the table isogenougo a principally
polarized abelian variety with maximal RM by Q(Io 5) are that 2 might divide d,
which occurs for 32 (12%) of these varieties, or that 5 might divide both d and n,
which occursin 6 cases(2%). Hencewe can assertthat the given abelian variety is
isogenoudo a principally polarized abelian variety with maximal RM by Q(IO 5) for
232 (86%) of thoselisted in the table.

A.4. Factorsof Jo(N) with P 5-multiplication
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N [n d|ng do N [(n d|ng dy
23 175 5

31 175

67 5 177

67 177

69 2 22| 2 2 177 31

73 188

74 5 191

7712 10| 2 2 193 11

86 5 199 71

87 205

93 207 11

103 2072 44| 2 2
1052 10| 2 2 211 41

107 213

115 213 5

125 218 451

125 22112 5 | 2
133 221

133 224 2 2
136|2 2 |2 2 224 2 2
138/4 44 |4 2 2252 5 | 2
15412 20| 2 2 227 31

161| 4 4 230 11

166| 2 131| 2 231 5

167 238|2 122| 2 2

A.4. Factorsof Jo(N) with P 5-multiplication
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N [n d|ng do N [n d |ng do
24213 55 292

24213 55 29912 2 2 2
247 31 299 11

25013 5 299

250 55 313 41

250 3 3154 10 (4 2
250 11 321(2 41 | 2
255 55 32112 5 2
261| 2 2 32212 5 2
261 2 2 334 11

261| 2 2 334 5

262 11 335 179

265 341 341 5

265 5 347 19

266 3 351

268| 2 2 351

27212 2 |2 2 358 79

275 5 3583 29

275 358|2 11 | 2
279 3615 55 |5 5
279 361 11

287 361 209

287 19 3615 1045/ 5 5
291 11 36212 145 2
291 55 363 5

A.4. Factorsof Jo(N) with P 5-multiplication
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N [n d|ng do
363 5

363 55

3632 55| 2
363 55

3682 5 |2
371 5

375 5

375 155

375 155

375

376| 3

376

383 11

386 19

386 31

391| 2 2
394 31

3943 5

398 11

398 11

403 181
4102 20| 2 2
41212 5 | 2
413 209
41416 44| 2 2

N [n d |ng do
415 11

416|2 5 2
417 19

42214 6061

435 19

4352 220 2 2
437 55

437 11

4382 580 | 2 2
439 31

44512 55 | 2
44812 4 2 2
4486 4 2 2
453 11

453 19

453 491

454 19

457 31

459 5

459 5

461 19

471 19

47312 95 | 2
47312 55 | 2
474 695

A.4. Factorsof Jo(N) with

P 5-multiplication
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N [n d|ng do N [n d |ng do
476 5272 241 2
482 55 529/ 2 11 | 2
483 295 5313

483 55 531 31

483 5313

483 11 532|5 11

4845 5 |5 5 532

48413 5 5343 1045
4852 55| 2 536

491 19 538 71

4062 11| 2 5512 5 2
498 61 5522 20 |2 2
499 71 555 31

500 5 555 5

500 5 555 361

502 145 566 61

5084 19 | 4 571 205
5082 11| 2 575 5

518 S 575

52002 20| 2 2 577 295

523 149 58214 380 |4 2
524 5 5822 44 | 2 2
525|5 555 5 584

525/6 10| 2 2 590 3949
5253 55 592 5

A.4. Factorsof Jo(N) with P 5-multiplication
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N [n d|ng do
599 29
602 31
603 145
603 95
610 59
621|5

621|5

6232 44| 2 2
625

625

625| 3

625| 3

626 55
626 5
6322 5 | 2
632 5
635 155
636 31
636 5
637(4 5 | 4
637/4 5 | 4
638

638 19
6383 145
639 5

N [n d |ng do
639

6402 2 2 2
6402 2 2 2
6406 2 2 2
6406 2 2 2
642 55

647 139
6512 20 |2 2
65112 20 | 2 2
657 145

666 1045
6692 55 | 2
6742 55 | 2
6742 209 | 2
675 5

675 5

677 101

6783 1705

679 1969
683(2 191 2
6873 5

6882 5 2
689 55

689

693 55

A.4. Factorsof Jo(N) with

P 5-multiplication
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6932 4 2 2

693 5

693 55

699| 2 1829 2
708/ 3 29
7132 121 | 2
716 19

717 31

717

717 19

722|5 55 |5 5
722|5 55 |5 5

723|2 22222 2
726 30305

726 30305

726 5

726 605

735/4 10 |4 2
745 1189

750| 3 19

A.4. Factorsof Jo(N) with P 5-multiplication
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