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We address the partial wetting of liquid drops on ultrathin solid sheets resting on a deformable
foundation. Considering the membrane limit of sheets that can relax compression through wrinkling
at negligible energetic cost, we revisit the classical theory for the contact of liquid drops on solids.
Our calculations and experiments show that the liquid-solid-vapor contact angle is modified from
the Young angle, even though the elastic bulk modulus (E) of the sheet is so large that the ratio
between the surface tension γ and E is of molecular size. This finding establishes a new type of “soft
capillarity” that stems from the bendability of thin elastic bodies rather than from material softness.
We also show that the size of the wrinkle pattern that emerges in the sheet is fully predictable,
thus resolving a puzzle noticed in several previous attempts to model “drop-on-a-floating-sheet”
experiments, and enabling a reliable usage of this setup for the metrology of ultrathin films.

The partial wetting of liquids on solids is among the
most basic of capillary phenomena [1]. The fundamental
Young’s law relates the equilibrium contact angle ϑY of
a liquid drop on a solid to the surface energies via
cos ϑY = (γsv − γsℓ )/γ ,

(1)

where γsv , γsℓ and γ = γℓv are the mutual surface energies
between the solid, vapor, and liquid. This classical equation reflects a balance of forces on the contact line only in
the plane of the solid surface and assumes that the normal
component of the contact force (≈ γ sin ϑY ) induces only
slight, localized deformations of the solid substrate that
do not affect that balance. However, the normal force
balance must be explicitly considered in the partial wetting of soft solids, for which the ratio ℓm ≡ γ/E between
surface tension and the Young modulus E of the solid
could be a few microns or even more [3–5]. Recent studies that addressed the contact of a liquid drop on semiinfinite soft solids or on soft films of thickness t attached
to a stiff substrate [4] showed that the contact angle is
no longer determined by a local force balance, and may
thus deviate from ϑY . Instead, a minimization of the total energy is required, involving both surface terms and
elastic deformations over a characteristic scale, which is
the smaller of ℓm and t.
A totally different notion of “soft capillarity” is realized when a liquid drop is brought into contact with a
stiff thin sheet (i.e. ℓm is a molecular length) that rests
on a soft, easily deformable substrate [2]. Although the
sheet’s thickness t ≫ ℓm , the high deformability of the
foundation enables the sheet to respond to the exerted
capillary force as a thin elastic body - by bending [6]
and developing tangential (in-plane) stresses [7]. Furthermore, it has been realized that for ultrathin sheets,

whose thickness is tens of nanometers, in-plane compression relaxes completely through wrinkles whose number
diverges as t decreases [8–12]. The “drop-on-a-floatingsheet” experiment (Fig. 1), which provided a systematic
study of this high bendability regime of partially-wetted
sheets, revealed a wrinkle pattern whose size was comparable to the drop’s radius R (0.5 − 1.5 mm) [7], indicating that the capillary force may affect in-plane stresses
and shape deformation on a very large lateral length
∼ R ≫ t ≫ ℓm . An important potential application
of this system is the measurement of thickness, surface
energy and elastic modulii of ultrathin sheets using only
macro-scale features, namely, the extent and number of
wrinkles. However, previous studies have failed to provide such a quantitative, predictable link [7, 13].
In this Letter we identify the dimensionless groups that
govern soft capillary phenomena and focus on ultrathin,
highly-bendable sheets supported by a highly deformable
foundation. Our approach employs the compression-free
limit of highly-bendable sheets (known as the “membrane
limit”, “relaxed energy” [10], or “tension field theory”
[11]). Two major results of our theory are:
(i) We calculate the stress profile in the sheet, from which
we extract the extent of the wrinkled region and compare
it with the experimental observations of [7] with no fitting of parameters. Additionally, we present a variant
of the original experiment that employs surfactants to
manipulate the stress in the sheet. The agreement with
our calculations substantiates the validity of our theoretical approach and its usefulness for a precise metrology
of thin solid films.
(ii) Our calculations predict that the contact angle between the liquid-vapor and liquid-solid interfaces (ϑ + φ

2
finds ǫ < 10−4 . In this high bendability limit (ǫ ≪ 1) the
stress in the sheet approaches a compression-free limit
[15]. In the high bendability regime, the parameter γ̃
dominates the confinement in the sheet, namely the sizes
of the wrinkled zones on either side of the contact line.
Our analysis assumes given values of ϑY and γ/γ ′ , and
addresses the behavior for a range of values of γ̃ ≪ 1
(which ensures a Hookean elastic response), assuming the
sheet is highly-bendable (ǫ → 0). In addition to these
four dimensionless parameters, the final pair is:
K̃ = KR2 /γ ′

FIG. 1. (a-b) Views of the wrinkle pattern formed by placing
a water drop on a floating ultrahin PS sheet (t = 72 nm). The
radius of the contact line is Ri . Radial wrinkles appear in:
(a) an annular zone Ri < r < LO , and (b) a narrow annulus
LI < r < Ri beneath the drop. Pictures are obtained from
confocal slices of a fluorescent sheet [14]. (c) a schematic cross
section depicts the forces acting at the contact line (wrinkles
are azimuthal undulations around this radial profile).

in Fig. 1c) deviates from ϑY by an amount ∆ϑ
∆ϑ ∼ (ℓm /t)1/3 ,

(2)

which vanishes rather slowly as ℓm /t → 0. This prediction indicates that highly-bendable stiff solids on highlydeformable foundations provide a new channel for “soft
capillarity” which is distinct from the more familiar case
of soft solid films on hard substrates [2–4].
Our system is shown in Fig. 1: A circular elastic sheet
of radius Ro , thickness t, and Young modulus E floats on
a liquid bath (whose density is ρ) and is pulled taut by
the bath-vapor surface tension γ ′ . A small volume V of
liquid of surface tension γ = γlv is placed at the center
of the sheet. The stretching and bending modulii of the
sheet are, respectively, Y = Et and B = Et3 /12(1 −
ν 2 ), where ν is the Poisson ratio. The distinct values of
liquid surface tensions (γ ′ 6= γ) are obtained by adding
surfactants to the liquid bath. We define R(V, ϑY ) to be
the radius of the contact line on an undeformed sheet:
R = (3V /2π)1/3 sin ϑY (1 − 3/2 cos ϑY + 1/2 cos3 ϑY )−1/3 .
As Fig. 1c shows, the pressure in the drop forces the
film to bulge, and hence the radius of the contact line,
denoted here by Ri , deviates from R.
The physical parameters can be arranged into six dimensionless groups. The first two are ϑY and γ/γ ′ , which
are determined by the surface energies. The second pair
of parameters involves the elastic modulii of the sheet:
γ̃ ≡ γ/Y = ℓm /t

;

ǫ−1 ≡ γR2 /B ∼ R2 ℓm /t3 .

(3)

The parameter ǫ−1 quantifies the bendability of the sheet
[15]. For the ultrathin sheets used in [7] (t < 300nm), one

;

R̃ = R/Ro ,

(4)

where K = ρg. The parameter K̃ quantifies the deformability of the liquid foundation, and R̃ is the ratio between
the sizes of the drop and the sheet. We address the limit
K̃, R̃ → 0, corresponding to a sufficiently small drop; the
effect of K̃, R̃ 6= 0 on the stress is perturbative [15, 16].
Following [13], we consider the inner and outer sides of
the contact line, which we denote as (I) and (O), respectively. Beneath the drop, r < Ri , the Laplace pressure
P = 2γ sin ϑ/Ri acts downward and causes the sheet to
bulge, as depicted in Fig. 1c. The vicinity of the contact line is consequently described by the two angles:
ϑ (between the liquid-vapor interface and the horizontal) and φ (between the horizontal and the sheet). In
the limit γ̃ → 0, where the stretching modulus is much
larger than the surface tension, the system is expected
to approach the classical Young theory where the sheet
is undeformed; hence ϑ → ϑY and φ → 0. Therefore,
for γ̃ ≪ 1 the bulge amplitude is small, allowing us to
use the Föppl–von Kármán (FvK) framework in which
the normal and radial force balance (1st and 2nd FvK)
equations approximate the tangents and normal to the
sheet through its undeformed (planar) state:
(I) radial : d(rσrr )/dr − σθθ = 0
(5)
2
2
2
−1
normal: B△r ζ −σrr d ζ/dr −σθθ r dζ/dr = P (6)
where σrr (r), σθθ (r) are, respectively, the radial and hoop
stress components, ζ(r) is the normal displacement of the
d
d
sheet, and △r = r−1 dr
(r dr
). Outside the contact line,
r > Ri , only radial force balance need be considered [13]:
(O) radial : d(rσrr )/dr − σθθ = 0 .

(7)

The stresses σrr , σθθ in Eqs. (5-7) consist of the elastic
stresses and the relevant surface energies [13, 17]. In
the high bendability regime, ǫ ≪ 1, the bending force
in Eq. (6) is negligible with respect to stretching (since
B/R4 ≪ γ/R2 ). Hence, we find that each part of the
sheet is governed by a single parameter [13, 15, 17, 18]:
(O)
(I) 3
(O) : τ ≡ σrr
/γ ′ ; (I) : α ≡ Y γ 2 sin2 ϑ/2(σrr
) , (8)
(I)

(O)

where σrr , σrr are, respectively, the radial tensions in
the sheet at the inner and outer parts of the contact line
(see Fig. 1c), evaluated at r → Ri . The dimensionless
α and τ were called confinement parameters in [15, 18],
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FIG. 2. (a) The stresses σrr (blue), σθθ (red) beneath the drop
((I), left) and outside the contact line ((O), right) for representative post-threshold values of the confinements: α = 100,
τ = 5. Solid curves are the compression-free (FT) limit
[15, 18]. Dashed curves correspond to the axisymmetric (unwrinkled) state. (b-c) The predictions of both types of stress
fields (solid: FT, dashed: axisymmetric state) to the radii of
the wrinkled annulus, LI (α) and LO (τ ), normalized by Ri .

which addressed simpler set-ups that allowed independent control of α and τ . Those studies showed that by
solving Eqs. (5,6) and Eq. (7), the confinement parameters α, τ , together with the angle ϑ, determine completely
the elastic stresses and the displacement field in both
parts of the sheet, as well as the bulge profile at r < Ri .
The nature of these solutions will be discussed below; we
denote their parametric dependence on α, ϑ, τ by functions: ur (I) (r; α, ϑ), ζ (I) (r; α, ϑ), and ur (O) (r; τ ), with
corresponding expressions for the stress components.
In order to find the confinements α, τ and the angle ϑ,
we must consider the vicinity of the contact line. First
we note that the bulge’s shape, ζ (I) (r; α, ϑ), allows us to
express the radius Ri and the angle φ as functions of the
drop’s volume V and the unknown α, ϑ. Next, we obtain
two equations from the continuity of the shape and the
force balance (in r̂) at the contact line r → Ri [19]:
ur(I) = u(O)
,
r
(I)
σrr

cos φ + γ cos ϑ =

(9)
(O)
σrr
,

(10)

The system (9,10) provides two equations for the three
unknowns: α, τ and ϑ, indicating that another physical
mechanism beyond local force balance at the contact line
is required. Following [2], we find the missing relation by
minimizing the total energy UT , consisting of the elastic
energy of the deformed sheet and the surface energies of
the sheet, drop, and bath.
Let us turn now to the solution of Eqs. (5,6,7) for some
given parameters α, ϑ [18] and τ [15]. An obvious solution
of these equations is the axisymmetric state, whose displacement field and corresponding stress are given in [17].

Below critical values (αc ≈ 5.16 [18], τc = 2 [20]), the axisymmetric solution of the problem is purely tensile (i.e.
(axi)
(axi)
both σrr and σθθ are positive everywhere). However,
beyond these critical values, the axisymmetric state de(axi)
velops azimuthal (hoop) compression (σθθ (r) < 0) in
annuli LI (α) < r < Ri and Ri < r < LO (τ ), respectively (Fig. 2); signaling the emergence of radial wrinkles.
For post-threshold confinement values, traditional postbuckling methods use the axisymmetric state to approximate the stress of the wrinkled state [13, 20]. However,
it has been realized that in the high bendability regime,
ǫ ≪ 1, where only tiny level of compression can be accommodated, this “near threshold” approach must be
replaced by a far from threshold (FT) singular perturbation theory around the compression-free “membrane
limit” that satisfies σθθ ≥ 0 as ǫ → 0. For a given α > αc
(τ > τc ), the compression-free stress that characterizes
the wrinkled state is substantially different from the compressive stress field of the axisymmetric state (Fig. 2). In
[17] we give the FT results for the displacement field and
the compression-free stress. In the post-threshold regime
(i.e. if α > αc , τ > τc ), the FT results must be used in
our matching analysis, Eqs. (9,10).
Fig. 3 presents the results of our calculation. In order
to compare with the experiment, we set ϑY = π/2 (the
contact angle of a water drop on a polystyrene surface)
and present results for several values of 1/3 ≤ γ ′ /γ ≤ 3
(results for ϑY 6= π/2 are qualitatively similar [17]). In
Fig. 3a-3b we show the computed values of the confinement parameters α and τ as functions of γ̃ = γ/Y . The
experiments are performed with 1/2 ≤ γ ′ /γ ≤ 1 and a
range of thicknesses (30 nm ≤ t ≤ 300 nm) for which
γ̃ < 10−2 , such that the predicted values of α, τ are beyond threshold and a wrinkle pattern is expected. Fig. 3c
shows the deviation ∆ϑ of the angle ϑ + φ (between the
sheet and the liquid-vapor surface) from ϑY . Notably,
the deviation scales as ∆ϑ ∼ γ̃ 1/3 . Another interesting
result is shown in Fig. 3d: As γ̃ → 0 the deviation ∆ϑ is
equally divided between φ and ϑ − ϑY . These two results
are confirmed by an asymptotic analysis [17].
Figures 4a,b compare the measured extent of the wrinkled zone outside the drop with the calculated LO (τ )
from the predicted values of τ (γ̃). In Fig. 4a (data reproduced from [7]), the thickness t varies (hence changing γ̃),
whereas in Fig 4b we vary the surfactant concentration in
the bath, thus changing γ ′ /γ. The predictions based on
the FT wrinkling theory, free of any fitting paramaters,
are in good agreement with the experimental data. The
predicted profile below the drop (ζ(r) for r < Ri ) overestimates the measured one (Fig. 4c). Despite this slight
disagreement, our measurements of the angle deviation
∆ϑ (Fig. 3c), taken from two different setups [14] agree
with the predicted scaling, Eq. (2). This analysis substantiates the validity of the FT approach and calls for
its usage in metrological methods that extract material
parameters of ultrathin films from wrinkle patterns [7].
Beyond the specific regime addressed in this Letter,
the four dimensionless parameters defined in Eqs. (3,4)

4

a)

a)

102

τ

increasing γ ′ /γ
101

6

100

5

LO

b)
α

20

∆ϑ

c)

3

0
100

2
1

10−1

0.7
0.6
0.5
0.4
0.3
10−5

10−3 0.4

10−4

c)
z (µm)

(ϑY − ϑ)/φ

4

10

10−2

d)

b)

7

10−4

10−3

10−2

10−1

γ̃
FIG. 3. (a-b) Computed values of α, τ for 10−5 < γ̃ < 10−1 .
Here ϑY = π/2 and colors correspond to several values of
γ ′ /γ between 0.33 (red) and 3 (blue). For sufficiently large
γ̃, the (unwrinkled) axisymmetric state is stable since α(γ̃) <
αc , τ (γ̃) < τc . As γ̃ decreases, α(γ̃) and τ (γ̃) exceed the
critical values and the wrinkled state of the highly-bendable
sheet (ǫ → 0) is described by the FT theory. (c) A log-log plot
of the computed difference ∆ϑ of the angle ϑ + φ (between
the liquid-vapor interface and the sheet) from ϑY . Dashed
line (guide to the eye) has a slope 1/3. The solid circles taken
from confocal fluorescence microscopy measurements of the
profile of the sheet under the drop, as in Fig. 1. The open
circles are from a different, but comparable configuration [14].
Data points are the measured angle φ divided by 2 (using the
asymptotic result φ ≈ 2∆ϑ). Error bars are comparable to
the circle size. (d) The ratio (ϑY − ϑ)/φ → 1/2 as γ̃ → 0.

constitute a universal framework for classifying distinct
types of soft capillary phenomena. Following [12], we
generalize the physical parameter K in Eq. (4) to reflect
the effective stiffness of the foundation. For the particular case of an elastic substrate of Young modulus Es ,
K ≈ Es /R (where R is the characteristic deformation
scale), and hence the deformability K̃ −1 ≈ γ/REs . Refs.
[2, 4] addressed soft films, t ≪ ℓm (γ̃ ≪ 1) on undeformable substrates K̃ ≫ 1, and found that the film
deforms as a 3D body in a region of size t around the
contact line. The case addressed in this Letter, of a stiff
thin film (ℓm ≪ t ≪ R) on a highly deformable foundation (K̃ ≪ 1), exhibits a completely different behavior,
where the sheet responds to the capillary forces as a thin
body, through bending and in-plane stresses [2]. Here we
focused on the high-bendability regime (ǫ ≪ 1) where the
stress approaches a compression-free limit, but a different low-bendability behavior (ǫ . 1) may be expected for
thicker sheets [6] for which large bending forces can bal-
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FIG. 4. (a-b) Comparison between the observed and predicted
outer radius, LO (τ ), of the wrinkled annulus (normalized by
Ri ). Solid curve: prediction of the FT theory. Dashed curve:
prediction based on approximating the stress through the axisymmetric state [13]. In 4a, γ = γ ′ = 72 dyn/cm and γ̃ varies
(data obtained by varying the sheet’s thickness t from 31 to
233 nm [7]). In 4b the thickness is t = 94 nm and γ ′ /γ ranges
from 0.5 to 1 due to surfactant added to the liquid bath. (c)
The measured profile beneath the drop, obtained by confocal
microscopy [14] and the predicted profile (blue).

ance compression in the sheet. In addition to bendability
values, another crucial difference between our work and
that of [6] is encoded in the ratio R̃ = R/Ro between
the drop and the sheet. In contrast to [6], we addressed
the case R̃ ≪ 1 (more precisely K̃ R̃−2 ≫ 1), such that
a response in which the whole sheet rolls over the drop,
thus making a developable stress-free shape, is impossible. We hope that future work will explore soft capillary
phenomena in different regimes of this parameter space.
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