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PDE-CONSTRAINED OPTIMIZATION PROBLEMS
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Abstract. Time-dependent partial differential equations (PDEs) play an important role in
applied mathematics and many other areas of science. One-shot methods try to compute the solution
to these problems in a single iteration that solves for all time-steps at the same time. In this
paper, we look at one-shot approaches for the optimal control of time-dependent PDEs and focus
on the fast solution of these problems. The use of Krylov subspace solvers together with an efficient
preconditioner allows for minimal storage requirements. We solve only approximate time-evolutions
for both forward and adjoint problem and compute accurate solutions of a given control problem
only at convergence of the overall Krylov subspace iteration. We show that our approach can give
competitive results for a variety of problem formulations.
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1. Introduction. Optimization problems with constraints given by time-dependent
partial differential equations (PDEs) arise in a variety of applications (see for example
[16]). Throughout this paper, we consider minimization of a functional J(y, u) (see
Section 2) defined on Ω × [0, T ] where Ω ⊂ Rd subject to a time-dependent state
equation (PDE) that links the control u and the state y.

We will show that discretization of the problem and solution via stationarity (first
order optimality) condition on a Lagrangian leads to a linear system in saddle point
form

[
A BT

B 0

]

︸ ︷︷ ︸

x = b

A

(1.1)

where A ∈ Rn,n is symmetric and positive definite or positive semi-definite and B ∈
Rm,n, m < n, is a matrix of full rank. We assume that the linear system given in (1.1)
is well defined and has a unique solution. This is guaranteed if the block A is positive
definite on the kernel of B [2]. The system matrix A is symmetric and indefinite and a
variety of methods exists to solve problems of this type efficiently (see [2] for a survey).
In practice, the linear system Ax = b usually is of sufficiently high dimension, when a
one-shot approach for a time-dependent problem is considered that iterative solution
methods are needed; it is never solved without the application of a preconditioner P
chosen to enhance the convergence behavior of the iterative method. The aim of this
paper is to describe a suitable one-shot formulation of the optimization problem and
then to present appropriate solvers and preconditioners that allow a fast solution of
the time-dependent problem. A similar approach was recently presented in [3].

The paper is organized as follows. The problem we are interested in will be
presented in detail in Section 2. Our focus in this paper is to derive efficient precondi-
tioners for the optimal control problems and hence we will introduce all methods from
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a linear algebra perspective. In Section 3 we introduce the important situation where
the desired state is only defined on a subset of the spatial domain. For simplicity this
will be done in the time-independent case. Preconditioners for the time-dependent
case are introduced in Section 4 and in Section 5 we present some analysis of our
approach. The numerical results presented in Section 6 illustrate the performance of
the presented method.

2. The problem and discretization. Throughout this paper, we are focusing
on two different functionals given by

J1(y, u) :=
1

2

∫

Ω1

(y(x,T)− ȳ(x))
2
dx+

β

2

∫ T

0

∫

Ω2

(u(x, t))
2
dxdt (2.1)

and

J2(y, u) :=
1

2

∫ T

0

∫

Ω1

(y(x, t)− ȳ(x, t))
2
dxdt+

β

2

∫ T

0

∫

Ω2

(u(x, t))
2
dxdt. (2.2)

Here T is the final time and we have a given desired state ȳ appropriately chosen for
each problem. The goal of the optimization process is to drive the state y as close
as possible to the desired state using the control u. Note, that both Ω1 and Ω2 are
subdomains of a domain Ω ∈ Rd. We will frequently use Ω2 = Ω and occasionally
Ω1  Ω. For the remainder of this Section we will assume Ω1 = Ω2 = Ω and come
back to the case Ω1  Ω in Section 3.

We consider the following parabolic PDE for the course of this paper

yt −△y = u (2.3)

in Ω× [0, T ], with boundary conditions y = 0 on the spatial boundary ∂Ω and initial
condition y(x, 0) = y0(x). We also need the adjoint of this PDE, which for (2.1) is
given by

−pt −△p = 0

p = 0 on ∂Ω

p(x, T ) = χΩ1
(y(x, T )− ȳ(x))

(2.4)

and for (2.2) we have

−pt −△p = χΩ1
(y − ȳ)

p = 0 on ∂Ω

p(x, T ) = 0,

(2.5)

where χΩ1
is an indicator function for the domain Ω1 (see Chapter 3.6.4 in [32] for

more details). In our approach we will follow a discretize-then-optimize strategy.
We begin by discretizing the functional given in (2.1) and (2.2) using a standard
finite-element approach in space. The choice of the discretization scheme in time will
have a significant influence on whether the adjoint PDE is properly reflected in the
discretize-then-optimize approach. The final time functional (2.1) then becomes

J1(y, u) =
1

2
(y(T ) − ȳ(T ))TM̃1(y

(T ) − ȳ(T )) +
βτ

2
uTM1/2u (2.6)
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using the trapezoidal rule and

M̃1 =








0
0

. . .

M̃








and M1/2 =










1
2M

M
. . .

M
1
2M










. (2.7)

Here, y(T ) = [0, 0, . . . , 0,yT
N ]T , ȳ(T ) = [0, 0, . . . , 0, ȳT

N ]T , u = [uT
1 ,p

T
2 , . . . ,u

T
N ]T are

the state and desired state at the last time step and the control at time-steps 1 to N
of a backward Euler scheme (see below). If we instead use the (left) rectangular rule
for the integral involving the control then the functional becomes

J1(y, u) =
1

2
(y(T ) − ȳ(T ))TM̃1(y

(T ) − ȳ) +
βτ

2
uM0u, (2.8)

where M0 = blkdiag(M, . . . ,M, 0). The discretization of the functional (2.2) can be
done in a similar way, i.e., the trapezoidal rule for (2.2) leads to

J2(y, u) =
τ

2
(y − ȳ)TM̃2,1/2(y − ȳ) +

βτ

2
uM1/2u (2.9)

where

M̃2,1/2 =










1
2M̃

M̃
. . .

M̃
1
2M̃










(2.10)

and the rectangular rule gives

J2(y, u) =
τ

2
(y − ȳ)TM̃2,0(y − ȳ) +

βτ

2
uM0u, (2.11)

with M̃2,0 = blkdiag(M̃, M̃ , . . . , M̃ , 0).Here, y = [yT
1 ,y

T
2 , . . . ,y

T
N ]T , p = [pT

1 ,p
T
2 , . . . ,p

T
N ]T ,

p
(T ) = [0, 0, . . . , 0,pT

N ]T are the state and adjoint state (Lagrange multiplier) at time-
steps 1 to N of a backward Euler scheme (see below). Further, M̃ represents a
(lumped) mass matrix for our choice of finite elements on Ω1 and M is the corre-
sponding (lumped) mass matrix on Ω2. Note that we use lumped mass matrices for
convenience only; we believe that everything derived in this paper also holds for con-
sistent mass matrices. We will come back to the discrete objective function after the
discretization of the PDE. We are performing a time discretization of the PDE (2.3)
using a backward Euler discretization

yk − yk−1

τ
−△yk = uk (2.12)

with time step τ and the finite-element discretization of the weak form then gives

Myk + τKyk = Myk−1 + τMuk. (2.13)
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K is the stiffness matrix, i.e., the discrete negative Laplacian in the finite element
context. So putting all of Equation (2.13) together, the one-shot discretization for N
time-steps becomes










M + τK
−M M + τK

−M M + τK
. . .

. . .

−M M + τK










︸ ︷︷ ︸










y1

y2

y3

...
yN










− τMu =










My0

0
0
...
0










.

K
(2.14)

With this, the Lagrangian for the functional J1(y, u) using the trapezoidal rule is
given by

1

2
(y(T ) − ȳ(T ))TM̃1(y

(T ) − ȳ) +
βτ

2
uM1/2u+ p

T (−Ky + τMu+ d), (2.15)

with

d =








My0 + c
c
...
c








where c represents the boundary conditions of the PDE. The optimality system for
this can be written as





M̃1 0 −KT

0 βτM1/2 τM
−K τM 0









y
u
p



 =





M̃1ȳ
0
d



 . (2.16)

Please note that commonly the first equation in (2.16) is referred to as the adjoint
equation, for the simple reason as it represents a discretization of the adjoint PDE.
Namely, we get

M̃1y −KT
p = M̃1ȳ,

which would correspond to a backward Euler discretization of the following type

−
pk − pk−1

τ
−△pk−1 = 0. (2.17)

For the optimize-then-discretize approach to represent the adjoint PDE, also the final
condition for (2.4) has to be represented by the first equation in (2.16). Note that the
last line of the first-equation in (2.16) gives

M̃(yN − ȳN ) = LpN ,

which does not necessarily coincide with final conditions of the adjoint PDE. However,
note that in this case the discretize-then-optimize and the optimize-then-discretize
approach would not necessarily give the same discretization. Note that for τ → 0 the
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final condition is fulfilled; indeed the final condition of the adjoint equation is satisfied
to first order accuracy in τ .

The discretization of the functional (2.2) can be derived in an analogous way with
the final results being





τM̃2,1/2 0 −KT

0 βτM1/2 τM
−K τM 0









y
u
p



 =





τM̃2,1/2ȳ
0
d



 . (2.18)

Note that now the adjoint equation of our discretize-then-optimize approach will differ
from a discretization of the adjoint PDE as the mass matrix in the (1, 1)-block has
the factor 1

2 in the first and last block (from the trapezoidal rule) but this would in
general not be obtained from the discretization of the right hand side of (2.5) in an
Optimize-then-Discretize approach. As we pointed out earlier the approximation of
the first integral in (2.2) via the rectangle rule would result in the following system





τM̃2,0 0 −KT

0 βτM1/2 τM
−K τM 0









y
u
p



 =





τM̃2,0ȳ
0
d



 (2.19)

where M̃2,0 = blkdiag(M̃, M̃ , . . . , M̃ , 0). This would allow for a discretization that
preserves the final condition of the adjoint PDE (2.5) as the last line of the first part
in (2.19) gives

LpN = 0

and hence the correct final condition for the adjoint PDE. We will also address
this issue in a different publication [29] for the one-shot treatment of the time-
dependent Stokes equation (see [15] also for comments on Discretize-then-Optimize
and Optimize-then-Discretize).

A system similar to (2.16) was considered in [3] where the observations were only
given on a part of a domain (Ω1  Ω) and a hyperbolic PDE was considered.

3. The subset case (non time-dependent case). Before we address the issue
of how to precondition the time-dependent problems introduced in the last section,
we address the case Ω1  Ω as this will play a significant role for the rest of the paper.
For this problem we consider the minimization in the time-independent context of

J(y, u) :=
1

2

∫

Ω1

(y(x)− ȳ(x))
2
dx+

β

2

∫

Ω

(u(x))
2
dx. (3.1)

subject to Poisson’s equation

−△y = u

with Dirichlet boundary condition y = 0 on ∂Ω. The finite element discretization of
this problem (see also [28, 21]) is now given by

J(y, u) :=
1

2
(y − ȳ)T M̃ (y − ȳ) +

β

2
uTMu.

subject to

Ky = Mu+ d
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where K and M are the stiffness and lumped mass matrices for the domain Ω as
above whereas M̃ is a lumped mass matrix for Ω1. Note for this time-independent
example y, u and p are not vector valued as they are in the time-dependent case.
Using a standard Lagrangian technique, we obtain the following optimality system





M̃ 0 −KT

0 βM M
−K M 0









y
u
p



 =





M ȳ
0
d



 . (3.2)

More details for the case Ω1 = Ω can be found in [32, 28, 23, 21]. In this paper we
consider only iterative solvers for the saddle point system (3.2). Direct methods [6, 5]
typically perform very well for 2D problems whereas they are likely to run of memory
for discretizations of three dimensional problems (see [21]). As the system (3.2) as well
as the systems (2.16) and (2.18) are symmetric and indefinite, the minimal residual
method (minres) [20] will be our method of choice. minres is a method that
constructs an increasing search space (Krylov subspace) given by

span
{
r0,Ar0,A

2r0, . . . ,A
k−1r0

}

and approximates the solution to the linear system in such a way that for every step
k = 1, 2, . . . of the algorithm, the Euclidean norm of the residual rk is minimized over
the current search space. In general, iterative solvers will only be applied together
with a preconditioner P that speeds up the convergence of the scheme (see [2] for a
general overview). As minres is our method of choice, we need the preconditioner
P to be symmetric and positive definite (see [7, 2].

A relatively simple observation by Murphy et al. [19] guides the search for
good preconditioners, viz, a preconditioner only using the (1, 1)-block of A and the
Schur-complement S = BA−1BT of A will lead to convergence in a small number of
iterations as the matrix P−1A has only few distinct eigenvalues. For minres the
preconditioner would in general be a block-diagonal matrix of the following form

P =

[
A 0
0 S

]

.

Another preconditioner that has proven to be very effective for saddle point problems
is the block-triangular preconditioner

P =

[
A 0
B −S

]

,

which for symmetric and positive definite A can be used with a non-standard cg
method [4, 22]. For the case of semi-definite A we would have to use non-symmetric
methods such as gmres [25] or bicg [9] with the block-triangular preconditioner.
Another alternative for problems of this type are the so-called constraint precondi-
tioners, which themselves are of saddle point form. They were shown to be effective
for certain time-independent PDE-constrained optimization problems in [21] and are
attractive because of the small number of eigenvalue clusters of the preconditioned
matrix (see [17, 18]).

For the subset problem described above we propose the following idealized block-
diagonal preconditioner

P =





M 0 0
0 βM 0
0 0 KM−1KT



 . (3.3)
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We illustrate the performance of the preconditioner on an example where

ȳ = −x1e
−(x1−0.5)2−(x2−0.5)2 in 2D

or

ȳ = −x1e
−(x1−0.5)2−(x2−0.5)2−(x3−0.5)2 in 3D

with Ω1 = {x : xi ∈ [c1, c2] for all i = 1, 2}. The regularization parameter β was set
to 10−2. Figure 3.1a depicts this data for c1 = 0.4 and c2 = 0.6. Note that whenever
we plot the desired state in this paper we plot it as the solution of M−1M̃ȳ or
M−1M̃ ȳ. Figure 3.1b and 3.1c show the computed state y and control u. In Table

(a) Desired state (b) State (c) Control

Figure 3.1: Desired state, state and control for subset problem

3.1 we show results for the problem setup given above with simple inversion of the
diagonal matrix M and the approximation of K by one AMG multigrid cycle [10]
with 10 steps of a Chebyshev smoother. For Ω1 = Ω this approach is described in
[21]. The implementation of our method was done in deal.II [1] and we discretized
using Q1 finite elements. The stopping criterion for minres was set to 10−6 for the
relative pseudo-residual. We show results for 2D and 3D in Table 3.1. We also want

2D 3D
DoF minres Time DoF minres Time
1089 16 0.07
4225 17 0.33 729 15 0.07
16641 20 1.54 4913 15 0.47
66049 26 11.8 35937 13 4.43
263169 32 69.67 274625 17 53.19
1050625 42 402.63 2146689 19 497.26

Table 3.1: Number of MINRES steps with CPU-time.

to illustrate the dependence of the iteration numbers on the width of the cross- given
by x1/2 ∈ [c1, c2] in Table 3.2. It can be seen that for this setup the width of the
’cross’ does not have a negative effect on the iteration numbers.
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c1 = 0.45, c2 = 0.55 c1 = 0.49, c2 = 0.51 c1 = 0.495, c2 = 0.505

DoF minres(T) minres(T) minres(T)
1089 15(0.08) 15(0.07) 15(0.07)
4225 17(0.3) 16(0.28) 16(0.28)
16641 21(1.53) 19(1.4) 18(1.36)
66049 24(11.36) 20(9.07) 20(9.33)
263169 31(67.42) 26(57.33) 24(53.81)

Table 3.2: The lemon juicer: The control u for decreasing width of Ω1 and number
of MINRES steps with CPU-time.

(a) c1 = 0.45, c2 = 0.55 (b) c1 = 0.49, c2 = 0.51 (c) c1 = 0.495, c2 = 0.505

Figure 3.2: The lemon juicer: Decreasing width of Ω1

4. Solution of the linear systems and preconditioning for time-dependent
problems.

4.1. The J1(y, u) case. In this Section we focus on a preconditioner for the
system (2.16). We want to emphasize the fact that the matrix M̃ is symmetric and
positive semi-definite as most of its diagonal blocks are zero. For many problems
in this so-called saddle point form, a Krylov subspace solver in combination with a
block-preconditioner will give good results [2] as indicated in the previous section. As
for our matrix,

A =





M̃1 0 −KT

0 βτM1/2 τM
−K τM 0



 (4.1)

the left-upper block blkdiag(M̃1,M) is only positive semi-definite, we propose the
following preconditioner

P =





M̂ 0 0
0 βτM 0
0 0 S



 . (4.2)

The block M̂ = blkdiag(γ−1I, γ−1I, . . . , γ−1I,M) with a parameter γ > 0 is now
assumed to be part of a perturbed problem and will be chosen as the preconditioner
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for M̃1. Also we consider the alternative choice M̂ = blkdiag(M,M, . . . ,M,M)
for the Schur complement approximation, i.e., S = KM̂−1KT + τβ−1M or even
M̂ = blkdiag(γM, γM, . . . , γM,M). We will illustrate the difference between these
choices in our numerical experiments (see Section 6.1).

It is obvious that we never want to form the Schur-complement explicitly as the
storage requirements for realistic scenarios would not be feasible. This was done in
an initial study in [3] but it was emphasized that this should be improved. We rather
focus on a strategy where we approximate the Schur complement S by neglecting the
term β−1M as initially proposed for non time-dependent problems (see [21]). We then
get S0 = KM̂−1K. Thorne recently analyzed the sensitivity of this approach with
respect to varying β [31]. It has to be noted that we have a natural decomposition of
S0 that allows us to compute S−1

0 relatively cheaply. We have the following inverse
of S0,

S−1
0 = K−TM̂K−1, (4.3)

where K is lower triangular. This results in the inverse of K being relatively cheap to
implement. Note that K is a lower block triangular matrix which means that both the
application of K−1 and K−T are simple forward and backward substitutions, which
only involve the solution of a linear system with the block L = M +τK. The aim of a
preconditioner is to resemble the original matrix by also being easy to apply. Hence,
a good choice for the approximation of K−1 is given by K̂−1, which is defined as a
forward substitution not using L but rather L̂, a multigrid approximation of L that
we will discuss in Section 4.3.

This now results in a good approximation Ŝ ≈ S0 such that

Ŝ−1 = K̂−TM̂K̂−1

with the preconditioner in its final form

P =





M̂ 0 0
0 βτM 0

0 0 Ŝ



 . (4.4)

4.2. The J2(y, u) case. In the case when the functional J2(y, u) is considered,
the matrix M̃2,1/2 or M̃2,0 is simply denoted by M̃2

A =





τM̃2 0 −KT

0 βτM τM
−K τM 0



 (4.5)

is a block-diagonal matrix consisting of mass matrices for Ω1. For this, we now propose
the following preconditioner

P =





τM̂ 0 0
0 βτM 0

0 0 Ŝ



 (4.6)

where M̂ = blkdiag(M,M, . . . , γ−1I). The Schur-complement S will now be approx-
imated in the same way as in Section 4.1. We will use

Ŝ−1 = τK̂−TM̂K̂−1,
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resulting in a good approximation Ŝ ≈ S0, which again allows choosing an appropriate
M̂, here we use M̂ = blkdiag(M,M, . . . , γM). Our Schur-complement approximation
Ŝ is also accounting for the factor τ in the (1, 1)-block of the system matrix A. We
want to emphasize the fact that now the time-step τ also enters the (1, 1)-block
of the preconditioner as this will be strongly used in the eigenvalue analysis of the
preconditioned matrix.

4.3. Approximating L. As we have seen in the previous sections, in order
to have efficient preconditioners for the setups given in (2.1) and (2.2) we need to
approximate the matrix L = M + τK efficiently. Note that this matrix is symmetric
and positive definite as M is positive definite and K positive (semi)definite depending
on the imposed boundary condition. Eigenvalue bounds for the mass matrix are
well studied and can be found in [33] or [7, Proposition 1.29]. The eigenvalues of
the stiffness matrix are well analyzed and can be approximated based on the mesh-
parameter and some discretization-dependent constants (see [7, Theorem 1.32]). For
2D examples with a moderate size, the factorization of L using direct methods would
be feasible [6, 5] but for larger problems L should be approximated in a less expensive
way. A key observation is that exact solution of systems with L is not necessary in
the preconditioner. That is, exact evolution of the forward problem and backwards of
the adjoint is not required here. Only in matrix×vector products with the coefficient
matrix in the outer minres iteration is L used exactly simply to multiply.

A typical approximation for L would be the use of a multigrid method of ge-
ometric (GMG) [35, 12] or algebraic nature (AMG) [24, 8]. We will focus here on
algebraic multigrid, namely, the smoothed aggregation AMG implemented as part of
the Trilinos [13] ML- package [10]. The ML package allows for a variety of smoothers
and in our experience 10 steps of the Chebyshev smoother were superior to similar or
smaller numbers of Gauss-Seidel or Jacobi smoothing steps. One explanation for this
behavior might be the importance of the mass matrix in L at least for small τ given
that Chebyshev methods are known to be very efficient for mass matrices (see [34]).
The use of one AMG V-cycle was always sufficient for our experiments and in fact we
did not observe much improvement when a larger number of V-cycles was used. This
is a key observation in our approach since an approximate evolution of the underlying
PDE is made in a simple forward substitution: no attempt is made to accurately solve
each time evolution through accurate or exact representation of L.

5. Eigenvalue Analysis. For symmetric systems the clustering of the eigen-
values plays a crucial role in the speed of convergence and we therefore analyze the
generalized eigenvalue problem Av = λPv with the idealized block-preconditioner.

We start by analyzing a somewhat simplified case where Ω1 = Ω for the prob-
lem (2.2) and using the trapezoidal rule as for this problem the saddle point sys-
tem has a symmetric and positive definite (1, 1) block and we can use M̂ = M.
The eigenvalues of P−1A where P is the idealized block-diagonal preconditioner
P = blkdiag(τM, βτM, τ−1KM−1K) would then be given by 1 and eigenvalues de-
pending on the term

τK−TMK−1
(
τ−1KM−1KT + τβ−1M

)
, (5.1)

which we analyze using a field of values approach [11]. The eigenvalues of (5.1)
only have a benign dependence on τ and our aim is to show that they are inde-
pendent of the discretization parameter h. Note that for the problem (3.1) with
Ω1 = Ω the eigenvalues depend on the term K−TMK−1M, which is independent of
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the mesh parameter h (see [21] for more details on block-diagonal preconditioners and
[28] for block-triangular preconditioners). Now the crucial part in (5.1) is the term
β−1τ2K−TMK−1M which is similar to β−1τ2M1/2K−TMK−1M1/2 and we get

τ2β−1xTM1/2K−TMK−1M1/2x

xTx
=

τ2β−1
(
zTMz

) (
xTMx

) (
yTK−TK−1y

)

(xTx) (yT y) (zT z)
, (5.2)

where y = M1/2x, z = K−1y. From this we can see that the eigenvalues of the
overall system are determined by the maximal eigenvalues of M which are just the
eigenvalues of the mass matrix M and the maximal eigenvalues of K−TK−1. But as we
do not have an easy expression for this matrix we will instead look at the eigenvalues
of

L = KKT =











L2 −LM

−ML L2 +M2 . . .

−ML L2 +M2 −LM
. . .

. . . −LM
−ML L2 +M2











, (5.3)

which is a symmetric and positive definite matrix.
We now want to use this fact that K is a block triangular matrix in the analysis

of the eigenvalues of L as the eigenvalues of this matrix are simply the squares of the
singular values of K. The structure of K is very beneficial for the determination of
its eigenvalues but it is not obvious from the block-triangular matrix how to estimate
the singular values. We suggest the following splitting K = D + R where D =
blkdiag (L, . . . , L) and

R =








0
−M 0

. . . 0
−M 0







. (5.4)

We are now trying to find a bound for the relation
∣
∣
∣σ

(K)
i − σ

(D)
i

∣
∣
∣

viewing R as a perturbation term. Using the results in [26, 36] we get that
∣
∣
∣σ

(K)
i − σ

(D)
i

∣
∣
∣ ≤ ‖R‖ . (5.5)

This means that the singular values of K lie in circles around the singular values of
D (the eigenvalues of L) with a radius given by the spectral norm of R. For a 2-
dimensional domain we can use results for the mass matrix [7, Proposition 1.29] and
stiffness matrices [7, Theorem 1.32], i.e,

c1h
2 ≤

xTMx

xTx
≤ d1h

2 (5.6)

c2h
2 ≤

xTKx

xTx
≤ d2 (5.7)

(c1 + τc2)h
2 ≤

xTLx

xTx
≤ d1h

2 + τd2 (5.8)
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where d1, d2, c1, and c2 are all constants independent of h, to compute ‖R‖ using the
definition

‖R‖ =
√

λmax(RTR)

and as RTR = blkdiag(0,M2,M2, . . .M2) we see that

‖R‖ =
√

λmax(M2).

From (5.6) we know that

‖R‖ ≤ d1h
2. (5.9)

Figure 5.1 shows the singular values of both K and D with the bound (5.9) incor-
porated. We recall now that we are interested in finding a bound for the maximal
eigenvalue of K−TK−1 by using the minimal eigenvalue of KKT which is the square
of the minimal singular value of K. Hence, we get that

(c1 + τc2 − d1)h
2 ≤ σ(K) ⇒ (c1 + τc2 − d1)

2h4 ≤ λmin(KKT

which results in the following bound

λmax(K
−TK−1) ≤

1

(c1 + τc2 − d1)2h4
.

Finally, the desired bound for

λmax

(

M1/2K−TMK−1M1/2
)

≤
d21h

4

(c1 + τc2 − d1)2h4
=

d21
(c1 + τc2 − d1)2

which is independent of h and we can observe that the bound is virtually unchanged
for varying τ . Note that for a three dimensional problem, we can proceed in the
exact same way by replacing the bounds on mass and stiffness matrix with their
three-dimensional equivalent (see [7] for details).

We now turn our attention to the case when the (1, 1) block is semi-definite and
assume that the saddle point matrix A is permuted in such a way that the zero entries
in M̃ all appear in the left upper corner. For clarity of exposition, we neglect the
scalar τ in the (1, 1)-block of the saddle point system. Clearly, this depends on the
choice of Ω1 as in the case of Ω1 = Ω we would have M̃ = M. In more detail, the
system is of the following form

Ă =







0 0 0 −KT
1

0 M(2) 0 −KT
2

0 0 βτM τM
−K1 −K2 τM 0







(5.10)

where M(2) represents the contributions from Ω1 for problems (2.1), (2.2), and (3.1)
also including possible τ factors. The preconditioner is of the following permuted
form (as all the mass matrices are in lumped form)

P̆ =









M̂(1) 0 0 0

0 M(2) 0 0
0 0 βτM 0
0 0 0 KM−1KT









, (5.11)
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Figure 5.1: Singular values of K versus singular values of D with upped and lower
bounds determined by ‖R‖

where Ŝ = KM−1KT (any factor τ will be included in the matrix M coming from the
(1, 1)-block). We are now interested in the eigenvalues of P̆−1Ă, which are equivalent
to the eigenvalues of

H = P̆−1/2ĂP̆−1/2 =







0 0 0 BT
1

0 I 0 BT
2

0 0 I BT
3

B1 B2 B3 0







(5.12)

whereB1 = Ŝ−1/2K1

(

M̂(1)
)−1/2

, B2 = Ŝ−1/2K2

(

M̂(2)
)−1/2

andB3 = β−1/2τ1/2Ŝ−1/2M1/2.

The eigenvalues of H are given by all values λ such that

(H− λI)v =







−λI 0 0 BT
1

0 (1− λ)I 0 BT
2

0 0 (1− λ)I BT
3

B1 B2 B3 −λI













v1
v2
v3
v4






= 0. (5.13)

From (5.13) we see that λ = 1 is an eigenvalue with the multiplicity determined by

the nullspace of B2 and B3, i.e., for λ = 1 the vector [0, v2, v3, 0]
T

with B2v2 = 0,
B3v3 = 0 satisfies (5.13). We now assume that λ 6= 1 and we get from (5.13) that

(
1

λ
B1B

T
1 +

1

λ− 1
B2B

T
2 +

1

λ− 1
B3B

T
3 − λI

)

v4 = 0. (5.14)

In order to find λ for (5.14) we look at

(λ− 1)B1B
T
1 + λB2B

T
2 + λB3B

T
3 − λ2(λ− 1)I

which can be simplified to give

λ3 − λ2 − λxT
(
B1B

T
1 +B2B

T
2 +B3B

T
3

)
x− xTB1B

T
1 x. (5.15)
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We can now solve this equation using the rather complicated cubic formula, i.e.,

λ =
{

q + [q2 + (r − p2)3]1/2
}1/3

+
{

q − [q2 + (r − p2)3]1/2
}1/3

+ p (5.16)

where p = 1/3, q = 1/27+
(
xT

(
B1B

T
1 +B2B

T
2 +B3B

T
3

)
x+ 3xTB1B

T
1 x

)
/6 and r =

xT
(
B1B

T
1 +B2B

T
2 +B3B

T
3

)
x/3. Note that in order to obtain meaningful bounds

for λ in (5.16) we have to find bounds for the terms

xT
(
B1B

T
1 +B2B

T
2 +B3B

T
3

)
x = Ŝ−1(KM̂−1KT + β−1τM) (5.17)

and

xTB1B
T
1 x = Ŝ−1K1

(

M̂(1)
)−1

KT
1

where we now can proceed using the techniques presented for the case of a positive
definite (1, 1) block in A, i.e., Equation (5.17) is very similar to (5.2) and M̂(1) might
include a parameter γ in which case xTB1B

T
1 x goes to zero as γ goes to zero.

The eigenvalue analysis becomes more accessible if a block-triangular precondi-
tioner

P̆ =





M̂ 0 0
0 βτM 0

−K τM −Ŝ





is used as the preconditioned matrix becomes

P̆−1Ă =









0 0 0 −
(

M̂(1)
)−1

KT
1

0 I 0 −
(
M(2)

)−1
KT

2

0 0 I β−1I

−Ŝ−1K1 0 0 Ŝ−1(KM−1KT + β−1τM)









.

A preconditioned matrix of this form was analyzed in [3], where it was shown that
P̆−1Ă has an eigenvalue cluster at 1 and the remaining eigenvalues satisfy a quadratic
relation.

Note that in comparison to the case when the (1, 1) block is positive definite
the polynomials that determine the convergence here are one degree higher than in
the positive definite case. Namely, a linear polynomial would describe the eigenval-
ues of the block-triangular preconditioned matrix and a quadratic polynomial would
determine the eigenvalues for block-diagonal preconditioners.

6. Numerical Experiments. The results presented in this Section are based on
an implementation of the above described algorithms within the deal.II [1] framework.
For the AMG preconditioner, we used the Trilinos ML package [10] that implements
a smoothed aggregation AMG. Our implementation of minres was taken from [7]
and was stopped with a tolerance of 10−4 for the relative pseudo residual. For all our
experiments T = 1 and τ = 0.05, which results in 20 time-steps. We discretized using
Q1 finite elements for each of the state, control and Lagrange multiplier fields as well
as the backward Euler scheme. Throughout, we use β = 10−4 and γ = 10−8. Also
note that whenever we mention the degrees of freedom that in fact we are solving
a linear system of the dimension 3 times the number of time-steps (N) times the
degrees of freedom of the spatial discretization. For example, a spatial discretization
with 274625 unknowns and 20 time-steps corresponds to an overall linear system of
dimension 16477500.
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6.1. The J1(y, u) case.

6.1.1. Ω1 = Ω. From our experience, the results in this section typically follow
the pattern that the control drives the state to zero for early times and only in the
last time steps before reaching T do we see an increase in y towards the desired state
ȳ. As we already mentioned in Section 4, there exists a variety of preconditioners
that can be chosen for this problem. From our experience (see Table 6.1) the (1, 1)
block is best preconditioned by

M̂ = blkdiag(γ−1I, γ−1I, . . . , γ−1I,M),

with small γ whereas the Schur-complement approximation best suited for the prob-
lems considered here is given by Ŝ = K̂M̂−1K̂T with

M̂ = blkdiag(γM, γM, . . . , γM,M)

or

M̂ = blkdiag(M,M, . . . ,M,M).

We start with the following setup: y0 = 0 and

ȳ = −x1e
−(x1−0.5)2−(x2−0.5)2−(x3−0.5)2 .

The parameter γ was set to 10−8. Table 6.1 shows the results for a sequence of three
spatial meshes.

γM M γM β = 1e− 2

DoF minres(T) minres(T) minres(T)
4913 39(22) 73(41) 13(8)
35937 42(192) 77(345) 13(64)
274625 42(1550) 75(2721) 11(449)

Table 6.1: Different Schur-complement approximations and varying β: Number of
minres iterations (CPU time).

6.1.2. Ω1  Ω. We use M̂ = blkdiag(γ−1I, γ−1I, . . . , γ−1I,M) for the (1, 1)
block and M̂ = blkdiag(γM, γM, . . . , γM,M) in the Schur-complement approxima-
tion. We have Ω1 = {x : x1 ∈ [0.4, 0.8]} with y0 = 0 and desired final state

ȳ = −x1e
−(x1−0.5)2−(x2−0.5)2−(x3−0.5)2 .

The numerical results for the above setup are shown in Table 6.2. We also want
to present another example using a different domain for Ω1 to illustrate the mesh-
independence of our solver. Hence, for the functional J1(y, u) we describe choose the
desired state to be

ȳ = (2x1 − 1)2(2x2 − 1)2(2x3 − 1)2

with

Ω1 = {x : x1 ∈ [0, 0.1] or x2 ∈ [0.8, 1.0]}
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DoF minres Time
4913 99 55
35937 97 433
274625 104 3768

Table 6.2: Number of MINRES steps with CPU-time.

(a) Desired state at t = 1 (b) State at t = 1 (c) Control at t = 1

Figure 6.1: 3D problem with Dirichlet boundary condition

and y0 = 0. Results are given in Table 6.3 and we show the desired state as well as
the computed state and control in Figure 6.1. For both problems presented in this
section we can see that the iteration numbers are higher than in the case of Ω1 = Ω.
But we still observe mesh-independence as well as an optimal scaling by a factor of 8
for each refinement of the mesh.

DoF minres Time
4913 138 77
35937 142 635
274625 138 5010

Table 6.3: Number of MINRES steps with CPU-time.

6.2. The J2(y, u) case. We now give numerical results for the case when the
functional (2.2) is solved using the techniques described earlier.

6.2.1. Ω1 = Ω. Note that for this setup, the (1, 1) block of the system matrix A
is symmetric and positive definite. In this setup we could, as explained earlier, also
employ a Conjugate Gradients method [14] based on a non-standard inner product
(see [4, 27, 22, 23, 30]) for details), though we have not done so here.

Our first example is determined by the desired state

ȳ = −64te−(x1−0.5)2−(x2−0.5)2−(x3−0.5)2
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(a) Desired state at t = 0.5 (b) State at t = 0.5 (c) Control at t = 0.5

Figure 6.2: 3D problem with Dirichlet boundary condition

with y0 = 0. We show the desired state (Figure 6.2a), the state (Figure 6.2b) and
the control (Figure 6.2c) and give the iterations numbers and timings for minres
applied to problems with a variety of mesh-sizes in Table 6.4. Table 6.5 shows results
for two mesh-size if the change the time-step from τ = 0.05 to τ = 0.01.

DoF minres Time
4913 22 14
35937 20 100
274625 20 811

Table 6.4: Number of MINRES steps with CPU-time.

DoF minres Time
4913 32 99
35937 30 733

Table 6.5: Number of MINRES steps with CPU-time for τ = 0.01.

6.2.2. Ω1  Ω. We now come to the case when we have Ω1 as a proper subdomain
of Ω. Our domain Ω1 = {x : xi ∈ [0.4, 0.7] for i = 1, 2} with an initial state

y0 = −0.01e−(x1−0.5)2−(x2−0.5)2−(x3−0.5)2

and the desired state being

ȳ = t sin(2πx1x2x3).

Table 6.6 shows the number of minres iterations as well as the timings for the
solution of the linear systems using the ML AMG preconditioner. Again, we show
the desired state (Figure 6.3a), the state (Figure 6.3b) and the control (Figure 6.3c).

17



(a) Desired state at t = 0.5 (b) State at t = 0.5 (c) Control at t = 0.5

Figure 6.3: 3D problem with Dirichlet boundary condition

DoF minres Time
4913 61 36
35937 53 253
274625 56 2166

Table 6.6: Number of MINRES steps with CPU-time.

7. Conclusions. In this paper we presented formulations for two problems fre-
quently occurring in the optimal control of time-dependent problems. We proposed a
one-shot approach to solve these problem and showed that this leads to saddle point
problems of very large dimensionality. The resulting linear system also has changed
properties depending on the formulation of the control problem; frequently the state
is only needed to be close to a desired state on a subdomain of the spatial domain
or even only on a part of the time domain. This then leads to semi-definite (1, 1)
blocks in the saddle point system. We illustrated how a block-diagonal precondi-
tioner for a time-independent problem gives very competitive results and showed that
this technique can be extended to the case of time-dependent problems.

We were able to propose a preconditioner that does not need to solve the time
evolution accurately (e.g. using a direct method) but rather only uses a AMG precon-
ditioner (Trilinos AMG [10]). This not only speeds up the solution of the linear system
but also allows for much larger problems to be solved as the AMG preconditioner can
easily handle extremely large three-dimensional matrices.

We also presented an eigenvalue analysis for the preconditioners proposed and
were able to show that our setup leads to a good clustering of the eigenvalues and
hence fast convergence of the method in the spirit of [19].

Our numerical results showed competitive results and mesh-independent conver-
gence behavior for all problems. We achieved this by never having to solve the time
evolution accurately but rather using a cheap approximation at each step.
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